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Abstract
Factorial experiments are widely used to assess the marginal, joint, and interactive eﬀects of
multiple concurrent factors. While a robust literature covers the design and analysis of these experiments, there is less work on how to handle treatment noncompliance in this setting. To ﬁll
this gap, we introduce a new methodology that uses the potential outcomes framework for analyzing 2 𝐾 factorial experiments with noncompliance on any number of factors. This framework
builds on and extends the literature on both instrumental variables and factorial experiments in
several ways. First, we deﬁne novel, complier-speciﬁc quantities of interest for this setting and
show how to generalize key instrumental variables assumptions. Second, we show how partial
compliance across factors gives researchers a choice over diﬀerent types of compliers to target
in estimation. Third, we show how to conduct inference for these new estimands from both
the ﬁnite-population and superpopulation asymptotic perspectives. Finally, we illustrate these
techniques by applying them to two ﬁeld experiments—one on the eﬀects of cognitive behavioral therapy on crime and the other on the eﬀectiveness of diﬀerent forms of get-out-the-vote
canvassing. New easy-to-use, open-source software implements the methodology.
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Introduction

Researchers across the social and biomedical sciences often rely on factorial experiments to assess the
eﬀects of a number of diﬀerent factors simultaneously. A 2 𝐾 factorial experiment randomly assigns
units to 2 𝐾 possible treatment combinations of 𝐾 binary factors. These designs have tremendous
advantages. First, they allow for the estimation of both the 𝐾 main eﬀects of each factor and any
interactions between the factors. Second, they allow researchers to block certain causal pathways
by design and thus provide richer answers to scientiﬁc questions. Third, they are also more eﬃcient
than experiments that manipulate one factor at a time (Chapter 5, Montgomery, 2013). Such designs
have a long history in statistics (Yates, 1937; Fisher, 1935) and are often of great scientiﬁc and policy
relevance. However, only relatively recent literature has begun to address the design and analysis of
these experiments under the so-called potential outcomes framework (Hainmueller, Hopkins, and
Yamamoto, 2014; Dasgupta, Pillai, and Rubin, 2015).
A practical consideration with factorial experiments that has received relatively little attention
is noncompliance with treatment assignment. This can occur when experimental units self-select
into treatment in deﬁance of their randomized treatment assignment. When this occurs, researchers
often switch focus to the intent-to-treat (ITT) eﬀect of treatment assignment. From a scientiﬁc and
policy viewpoint, however, the primary interest usually remains on the eﬀect of the treatment actually received. In the context of single-factor experiments, researchers can address noncompliance
through the use of instrumental variables (IV), which are less frequently used in factorial designs (for
exceptions, see Cheng and Small, 2006; Blackwell, 2017). Indeed, the properties of IV estimators in
single-factor experiments are well-studied (Angrist, Imbens, and Rubin, 1996), but the relevant estimands and estimators have yet to be developed in the factorial case.
We address this problem by introducing a framework for analyzing 2 𝐾 factorial experiments
with noncompliance on any number of factors. Our contributions are several. First, we generalize
the standard instrumental variables framework, including the assumptions and estimands, from the
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single-factor case to the factorial setting. In particular, we show how to extend key assumptions
like the exclusion restriction and monotonicity and how to deﬁne novel factorial IV estimands as
ratios of intent-to-treat eﬀects of treatment assignment on the outcome and treatment uptake. Unlike
the single-factor case, there are several IV estimands in the factorial setting: main eﬀects, two-way
interactions, three-way interactions, and so on.
Second, we demonstrate how the multidimensional nature of treatment in factorial experiments
complicates the interpretation of these IV estimands. A respondent might comply with their assigned value on one factor but not on another, and the number of possible compliance types grows
quickly with 𝐾. To address these issues, we invoke an assumption novel to the factorial setting—the
“treatment exclusion restriction”—in which the treatment receipt of a factor only depends on the
treatment assignment for that factor (Blackwell, 2017). Under this and the other IV assumptions, we
show that IV estimands have an interpretation as the average factorial eﬀects of treatment received
for the marginalized compliers—that is, those respondents who comply with treatment assignment on
the active factor(s) for the main eﬀect or interaction of interest, marginalizing over the compliance
status of the other factors. One disadvantage of these eﬀects is that the compliance group changes
across the diﬀerent factorial eﬀects, and so we also introduce eﬀects for those that would comply with
assignments on all factors, whom we call perfect compliers.
Third, to conduct estimation and inference for these IV quantities, we explore two diﬀerent
frameworks: ﬁnite-population (also known as ﬁnite-sample) inference and superpopulation inference. Following Dasgupta, Pillai, and Rubin (2015) and Kang, Peck, and Keele (2018), our ﬁnitepopulation approach treats the potential outcomes and causal eﬀects of interest as ﬁxed quantities
about a ﬁnite population. Variation and uncertainty in this approach come only from the random
assignment of treatment. We utilize recent work on ﬁnite-population asymptotics to derive a central
limit result for our intent-to-treat eﬀects and use this to develop a procedure for generating conﬁdence intervals based on inverting a test involving the intent-to-treat eﬀects (Fieller, 1954; Li and
Ding, 2017; Kang, Peck, and Keele, 2018). Superpopulation approaches, on the other hand, assume
3

that the potential outcomes are random draws from an inﬁnite superpopulation, simplifying inference considerably at the price of plausibility.
We then apply our methodology to two empirical examples. The ﬁrst uses data from Blattman,
Jamison, and Sheridan (2017) in which young men with a history of criminal or violent behaviors were
randomly assigned to receive some combination of cash transfers and cognitive behavioral therapy,
or neither. The goal was to reduce repeats of criminal or violent behavior and the study looked at
several outcomes, including economic measures, antisocial behavior, and social network measures,
in the short and long term. The second example is a get-out-the-vote experiment from New Haven,
CT designed to estimate the eﬀects of three treatments on voter turnout: door-to-door in person
canvasing, phone calls, and mailers (Gerber and Green, 2000).
The paper proceeds as follows. In Section 2, we introduce the setting of factorial experiments
with noncompliance and outline our key assumptions, quantities of interest, and estimators. Next, in
Section 3, we develop the asymptotic properties of the estimators for the instrumental variable estimands under a ﬁnite-population framework and discuss how to apply a technique from the literature
on ratio estimators to construct conﬁdence intervals. We apply these techniques to the two application in Section 4 and end with concluding thoughts in Section 5. In the Supplemental Materials, we
also develop a procedure for Bayesian inference in this context and present simulation evidence for
the validity of our conﬁdence interval procedure.

2

Framework: Notation, Assumptions, and Quantities of Interest

We consider an experiment with 𝐾 binary factors with levels {−1, +1}, so that Z = {−1, +1} 𝐾 is
the set of all possible treatment combinations. For instance, −1 may be the control level and +1 the
treatment level of a given factor. Thus, there are 𝐿 = 2 𝐾 possible treatment assignments, which we
order {1, . . . , 𝐿} with z = {𝑧 1 , . . . , 𝑧  𝐾 } being the levels of each factor for treatment combination .
We deﬁne the set of possible treatment uptake vectors d , which have the same values and are ordered
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in the same manner as z (i.e., d = z ). Each unit may have a diﬀerent potential outcome for each
treatment assignment and uptake combination, 𝑌𝑖 (d, z). This is the value of the outcome that unit 𝑖
would have if they been assigned z and taken d.
Experiments with noncompliance face the problem that treatment uptake may diﬀer from treatment assignment, and so treatment uptake will have potential outcomes as well. Let D𝑖 (z) ∈ Z be
the vector of treatment uptake on each factor if unit 𝑖 was assigned to treatment combination z. If
D𝑖 (z) = z for all 𝑖 and z, then there is full compliance and inference can be conducted as usual. We
focus on the case where D𝑖 (z) ≠ z for some 𝑖 and z ∈ Z and deﬁne the vector of potential outcomes
indicators for each treatment uptake combination as
R𝑖 (z) = {I(D𝑖 (z) = d1 ), . . . , I(D𝑖 (z) = d𝐿 )}> .
Let R𝑖 (•) be the 2 𝐾 ×2 𝐾 matrix with th row R𝑖 (z ) > . For the intent-to-treat analyses, we will often
work with the potential outcomes just setting the treatment assignment, 𝑌𝑖 (z) ≡ 𝑌𝑖 (z, D𝑖 (z)), and
we collect the 𝐿 potential outcomes for unit 𝑖 into the vector Y𝑖 (•) = {𝑌𝑖 (z1 ), . . . , 𝑌𝑖 (z𝐿 )}> .
Let 𝑊𝑖 = 1 if Z𝑖 = z and 0 otherwise and W𝑖 = {𝑊𝑖1 , . . . , 𝑊𝑖𝐿 } be the vector of indicators for all treatment combinations. We assume a completely randomized design. In particular, let W = (W1 , . . . , W𝑁 ) be the length 𝐿𝑁 vector of assignment indicators for all units and
Í𝑁
F = {Y𝑖 (•), R𝑖 (•), 𝑖 = 1, . . . , 𝑁 }. Consider a completely randomized design with 𝑁 = 𝑖=1
𝑊𝑖
Í𝐿
units assigned to treatment z , with =1
𝑁 = 𝑁, deﬁned formally below.
Assumption 1 (General Completely Randomized Design).
 −1


Í𝑁

 Î𝐿𝑁!

𝑊𝑖 = 𝑁 for all  = 1, . . . , 𝐿
if 𝑖=1
P(W | F ) =
=1 𝑁 !

0
otherwise

Under this design, we have E{𝑊𝑖 | F } = 𝑁 /𝑁 for all z , where the expectation here is over the
randomization distribution. We connect the potential outcomes to the observed outcomes through a
Í𝐿
Í𝐿
Í𝐿
consistency assumption, 𝑌𝑖obs = =1
𝑊𝑖 𝑌𝑖 (z ), D𝑖obs = =1
𝑊𝑖 D𝑖 (z ), and Robs
= =1
𝑊𝑖 R𝑖 (z ),
𝑖
which implicitly assumes the stable unit treatment value assumption (Rubin, 1980).
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When there is noncompliance with treatment assignment, randomization is not suﬃcient to identify the causal eﬀect of treatment uptake. Several ways of addressing noncompliance have been proposed in the literature, all of which make additional assumptions beyond randomization. We follow
one strain of the literature, which started with Angrist, Imbens, and Rubin (1996), and focus on two
types of assumptions: monotonicity and exclusion restrictions. We generalize these standard instrumental variables assumptions to the factorial context.
Monotonicity is a restriction on the direction of the eﬀect of treatment assignment on treatment
uptake. Let z + be a 𝐾-vector of all +1 and z − be a 𝐾-vector of all −1, with 𝑧+𝑘 and 𝑧−𝑘 being representative 𝑘th entries. Furthermore, let z−𝑘 be the vector z with the 𝑘th entry omitted and abuse notation
to let z = (z−𝑘 , 𝑧 𝑘 ). Let 𝐷𝑖𝑘 (z) be the treatment uptake of unit 𝑖 for factor 𝑘 when assigned to z.
Assumption 2 (Monotonicity). 𝐷𝑖𝑘 (z−𝑘 , 𝑧+𝑘 ) ≥ 𝐷𝑖𝑘 (z−𝑘 , 𝑧−𝑘 ) for all 𝑘 ∈ {1, . . . , 𝐾 } and z−𝑘 .
This assumption states that there are no deﬁers: individuals who would have treatment uptake of −1
for factor 𝑘 if assigned to +1 of factor 𝑘 and treatment uptake of +1 for factor 𝑘 if assigned to −1 of
factor 𝑘.
A standard approach in the instrumental variables literature is to assume that treatment assignment has no direct eﬀect on the outcome, except through treatment receipt (Robins, 1989; Angrist,
Imbens, and Rubin, 1996). This assumption is typically called the exclusion restriction, and it has a
natural generalization in the factorial setting. To distinguish it from a separate exclusion restriction
we deﬁne below, we call this the outcome exclusion restriction.
Assumption 3 (Outcome exclusion restriction). For all z, z0 ∈ Z, 𝑌𝑖 (z, d) = 𝑌𝑖 (z0, d).
This assumption is substantive and cannot be met simply by experimental design. Finally, the factorial
setting requires a novel assumption for identiﬁcation of certain eﬀects. First proposed in Blackwell
(2017) for the 2 × 2 factorial design, the treatment exclusion restriction states that treatment uptake on
factor 𝑘 only depends on the treatment assignment for factor 𝑘, not other factors.
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Assumption 4 (Treatment exclusion restriction). For all z ∈ Z, 𝐷𝑖𝑘 (z) = 𝐷𝑖𝑘 (𝑧 𝑘 ) where 𝑧 𝑘 is the
𝑘th entry of z.
This assumption restricts compliance to be factor-speciﬁc, and prevents any factor from aﬀecting the
uptake on another factor. Furthermore, it rules out interactive eﬀects of treatment assignment on
treatment uptake in the sense that it assumes no units that, say, comply on factor 1 when 𝑧2 = +1
but not when 𝑧2 = −1. The treatment exclusion restriction is a substantive assumption that restricts
the ﬁrst-stage relationship between treatment assignment and treatment uptake. In the context of
the cash and cognitive behavioral therapy experiment, for instance, this would be violated if being
assigned to receive a cash transfer caused some respondents to participate in therapy when they otherwise would not. While treatment exclusion is not directly testable, some of its implications are
observable. For instance, it would rule out any eﬀect of 𝑍 𝑖1 on 𝐷𝑖2 or any interaction between 𝑍 𝑖1
and 𝑍 𝑖2 on 𝐷𝑖2 . Thus, one falsiﬁcation test for this assumption is to check these various eﬀects in
the assignment-uptake relationship, which we do in our empirical example below. We discuss some
implications for weakening this assumption in the following section and outline further weaker assumptions of interest in the Discussion.

2.1

Estimands

We begin by describing a set of standard linear factorial eﬀects in the ﬁnite-population framework and
then extend them to the superpopulation viewpoint below. These eﬀects reﬂect diﬀerences between
one half of the potential outcomes for a particular outcome versus the other. We can deﬁne these
eﬀects through the use of an 𝐿-dimensional vector g that has one half of its entries at 1 and the other
half at −1 as in Dasgupta, Pillai, and Rubin (2015). There are 𝐿 − 1 such vectors and the same number
of factorial eﬀects. We can order these vectors such that the ﬁrst 𝐾 represent the main eﬀects of the
𝐾 factors, so that g1 corresponds to the main eﬀect of factor 1, g2 corresponds to the main eﬀect

of factor 2, and so on. The next 𝐾2 vectors will correspond to all two-factor interactions, and the

following 𝐾3 vectors will correspond to all three-factor interactions, and so on. This continues until
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g𝐿−1 which corresponds to the 𝐾-way interaction between all factors. For main eﬀects , g 𝑗 is a vector
giving the level of factor 𝑗 for each of the 𝐿 treatment combinations. Interaction vectors are then
created as element-wise products of these main eﬀect vectors. Note that these vectors are mutually
orthogonal.
With these vectors, we deﬁne individual-level intent-to-treat factorial eﬀects for the outcome as
𝜏𝑖𝑗 =

2−(𝐾−1) g >
𝑗 Y𝑖 (•)

−(𝐾−1)

=2

𝐿
Õ

𝑔 𝑗 𝑌𝑖 (z )

=1

for 𝑖 = 1, . . . , 𝑁 and 𝑗 = 1, . . . , 𝐿 − 1, where 𝑔 𝑗 is the th entry of the g 𝑗 vector. Here, 𝜏𝑖𝑗 is the 𝑗th
factorial eﬀect of treatment assignment on the outcome for individual 𝑖. For main eﬀects, this is the
eﬀect of assignment to factor 𝑗, averaging over all possible assignments to other factors. For example,
when 𝐾 = 2, we have g1 = (+1, −1, +1, −1), so that
1
1
1 >
g1 Y𝑖 (•) = {𝑌𝑖 (+1, +1) − 𝑌𝑖 (−1, +1)} + {𝑌𝑖 (+1, −1) − 𝑌𝑖 (−1, −1)} .
2
2|
{z
} 2|
{z
}
eﬀect of factor 1 when factor 2 is +1

eﬀect of factor 1 when factor 2 is −1

Writing the ﬁnite-population averages of the potential outcomes as Y (•) = 𝑁 −1

Í𝑁

𝑖=1 Y𝑖 (•),

the

ﬁnite-population intent-to-treat average factorial eﬀects are
𝑁
1 Õ
𝜏𝑗 =
𝜏𝑖𝑗 = 2−(𝐾−1) g >
𝑗 Y (•).
𝑁 𝑖=1

These eﬀects marginalize over treatment assignment on the other factors, weighting each possible
assignment equally. While this is standard in the factorial design literature, a recent strand of work
examining a speciﬁc type of factorial designs—conjoint experiments—has worked with a more general estimand that allows for researcher-speciﬁed distributions for the assignments (Hainmueller,
Hopkins, and Yamamoto, 2014; de la Cuesta, Egami, and Imai, 2020). In the Supplemental Material,
we discuss the straightforward extension of the present approach to those more general estimands.
Finally, Egami and Imai (2019) proposed alternative quantities of interest for interactions in factorial
experiments, but those average marginal interaction eﬀects are more appropriate with factors with
more than two levels.
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These intent-to-treat factorial eﬀects will not equal the true eﬀect of treatment uptake when some
units do not comply with the factors in the factorial eﬀect. To correct this problem, the instrumental
variables literature will often deﬁne the estimand of interest as the ratio of the intent-to-treat eﬀects
on the outcome and on treatment uptake (Wald, 1940). In the factorial setting, however, the deﬁnition
of treatment uptake depends on the factorial eﬀect of interest. For example, for the main eﬀect of the
ﬁrst factor, we want the ITT for treatment uptake on the ﬁrst factor, whereas for the interaction
between the ﬁrst and second factor, we want the ITT on the interaction between 𝐷𝑖1 and 𝐷𝑖2 . More
generally, let K ( 𝑗) be the set of indices of the “active” factors for factorial eﬀect 𝑗. That is, K ( 𝑗) are
the set of factors for which g 𝑗 is estimating the main or interaction eﬀects. For 𝑗 = 1, . . . , 𝐾, this is
just K ( 𝑗) = {𝑗}, but for interactions, we have for example, K (𝐾 + 1) = {1, 2}, and so on. Deﬁne the
following potential outcome of treatment uptake interaction corresponding to the 𝑗th factorial eﬀect:
e𝑖𝑗 (z) =
𝐷

Ö

𝐷𝑖𝑘 (z).

𝑘∈K ( 𝑗)

e𝑖𝑗 (z) = 𝐷𝑖𝑗 (z). We can collect these into a vector of potential outcomes
Again, for 𝑗 ≤ 𝐾, we have 𝐷
e 𝑖𝑗 (•) = { 𝐷
e𝑖𝑗 (z1 ), . . . , 𝐷
e𝑖𝑗 (z𝐿 )}> . Further, as we show in Supfor each treatment assignment vector D
e𝑖𝑗 (z) = g > R𝑖 (z)
plemental Material A, we can write these as a function of the g vectors to obtain 𝐷
𝑗
since, by construction, g 𝑗 is equal to the product of the active factors for each of the possible vectors
of treatment uptake and R𝑖 (z) indicates which of these assignment vectors is selected for unit 𝑖 based
e 𝑖𝑗 (•) = R𝑖 (•)g 𝑗 . The individual-level ITT of
on their compliance type. Furthermore, this implies D
treatment assignment on treatment uptake for the 𝑗th factorial eﬀect is thus
−𝐾 >
e
𝛿 𝑖𝑗 = 2−𝐾 g >
𝑗 D𝑖𝑗 (•) = 2 g 𝑗 R𝑖 (•)g 𝑗 ,

with 𝛿 𝑗 = 𝑁 −1

Í𝑁

𝑖=1 𝛿 𝑖𝑗 .

For example, in the two-factor case, we have

1
𝛿 𝑖3 = {𝐷𝑖1 (+1, +1)𝐷𝑖2 (+1, +1) − 𝐷𝑖1 (−1, +1)𝐷𝑖2 (−1, +1)}
4
1
− {𝐷𝑖1 (+1, −1)𝐷𝑖2 (+1, −1) − 𝐷𝑖1 (−1, −1)𝐷𝑖2 (−1, −1)} ,
4
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so that 𝛿 𝑖3 is the (scaled) interactive eﬀect of treatment assignment on the multiplicative interaction
between the two treatment uptakes. We can also write this estimand as a linear function of the poÍ𝐿 −𝐾
tential outcomes for each assignment, 𝛿 𝑖𝑗 = =1
2 𝑔 𝑗 g >
𝑗 R𝑖 (z ), where the equality comes from
e𝑖𝑗 (z) = g > R𝑖 (z) and 𝑔 𝑗 is the th entry of g 𝑗 .
𝐷
𝑗
We can now deﬁne the 𝑗th IV factorial eﬀect as
𝜙𝑗 =

𝜏𝑗
.
𝛿𝑗

We assume that 𝛿 𝑗 > 0, which under treatment exclusion is the same as saying there are some compliers for the factors involved in the 𝑗th eﬀect. Without further assumptions, 𝜙 𝑗 is just the ratio of
two intent-to-treat factorial eﬀects. We are able to gain an even more substantive interpretation under various exclusion restrictions on the outcome and the treatment uptake, as described in the next
section.

2.2

Interpretation of the estimands under IV assumptions

Under the IV assumptions, the various eﬀects deﬁned above have speciﬁc interpretations in terms of
principal strata, otherwise known as compliance types. Under treatment exclusion and monotonicity, each unit can be categorized into one of 3 𝐾 types based on how treatment uptake depends on
treatment assignment. Note that without the treatment exclusion restriction we would have many
more compliance types, as a unit’s compliance to a given factor could depend upon the 2 𝐾−1 possible
assignments to the other factors. Thus the treatment exclusion assumption essentially makes solutions based on compliance strata more tractable. Let T𝑖 ∈ T𝐾 = {𝑐, 𝑎, 𝑛} 𝐾 be the 𝐾-length vector of
compliance type for unit 𝑖 on all 𝐾 factors. Here, the compliance types of each factor are complier
(𝑐), always-taker (𝑎), and never-taker (𝑛), deﬁned as follows:


𝑐 if 𝐷𝑖𝑘 (+1) = +1, 𝐷𝑖𝑘 (−1) = −1



𝑇𝑖𝑘 = 𝑎 if 𝐷𝑖𝑘 (+1) = +1, 𝐷𝑖𝑘 (−1) = +1


 𝑛 if 𝐷𝑖𝑘 (+1) = −1, 𝐷𝑖𝑘 (−1) = −1.

Our estimands relate to these quantities in two key ways. First, under treatment exclusion and
10

e 𝑖𝑗 (•) = g 𝑗 when 𝑇𝑖𝑘 = 𝑐 for all 𝑘 ∈ K ( 𝑗) and
monotonicity, for any factorial eﬀect, we have D
e 𝑖𝑗 (•) is a vector that is orthogonal to g 𝑗 . We deﬁne 𝐶 𝑖𝑗 = Î𝑘∈K ( 𝑗) I (𝑇𝑖𝑘 = 𝑐) be an
otherwise D
indicator for being a complier on all the active factors. Then for all 𝑗, we have 𝛿 𝑖𝑗 = 𝐶 𝑖𝑗 and 𝛿 𝑗 =
Í𝑁
𝑁 −1 𝑖=1
𝐶 𝑖𝑗 . We provide a more formal proof of this result in Supplemental Material A. In other
words, the ITTs for treatment uptake measure compliance with the active factors for a particular
factorial eﬀect.
Second, under monotonicity and the treatment and outcome exclusion restrictions, the 𝑗th outcome ITT, 𝜏𝑖𝑗 , is 0 for all units who do not comply on all the active factors in eﬀect 𝑗, allowing us
Í𝑁
to relate these eﬀects to the conditional eﬀect among compliers. Let 𝑁 𝑗𝑐 = 𝑖=1
𝐶 𝑖𝑗 . Noting that
𝛿 𝑗 = 𝑁 𝑗𝑐 /𝑁, we have the following:
Í𝑁
𝑁
𝐶 𝑖𝑗 𝜏𝑖𝑗
1 Õ
𝜏𝑗 =
× 𝛿 𝑗.
𝐶 𝑖𝑗 𝜏𝑖𝑗 = 𝑖=1 𝑐
𝑁 𝑖=1
𝑁𝑗
Combining these two facts, the ratio of the ITT eﬀects under the IV assumptions (Assumptions 2, 3
and 4) is
𝜙𝑗 =

𝑁
1 Õ
𝐶 𝑖𝑗 𝜏𝑖𝑗 ,
𝑁 𝑗𝑐 𝑖=1

which we refer to as the 𝑗th marginalized-complier average factorial eﬀect (MCAFE). Because these
eﬀects condition on compliance for the active factors, we can interpret this as the average of the 𝑗th
factorial eﬀect of treatment uptake of factors in K ( 𝑗) on the outcome among those units who comply
with those active factors, marginalizing over the treatment assignments on other factors. For a main
eﬀect, for instance, we show in Supplemental Material A that
𝜙𝑗 =

1
2 𝐾−1

Õ
z−𝑗 ∈Z−𝑗

𝑁

1 Õ
𝐶 𝑖𝑗 𝑌𝑖 (𝑑 𝑗 = +1, z−𝑗 ) − 𝑌𝑖 (𝑑 𝑗 = −1, z−𝑗 )
𝑐
𝑁 𝑗 𝑖=1

!
,

where where z−𝑗 is the assignment vector z less the entry for factor 𝑗 and Z−𝑗 is the associated set
of possible such assignments. Here we slightly abuse notation to emphasize that it is truly treatment
uptake, and not just assignment for factor 𝑗. This interpretation, while straightforward to derive,
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is slightly odd because it combines the eﬀects of treatment uptake for some factors and treatment
assignment for others.
How can we interpret the MCAFEs in terms of the factorial eﬀects of treatment uptake rather
than a mix of treatment uptake and assignment? We can invoke the exclusion restrictions to write
the main eﬀect MCAFEs, for instance, as
𝑁

1 Õ
𝐶 𝑖𝑗 𝑌𝑖 (𝑑 𝑗 = +1, D𝑖,−𝑗 (z−𝑗 )) − 𝑌𝑖 (𝑑 𝑗 = −1, D𝑖,−𝑗 (z−𝑗 ))
𝜙 𝑗 = 𝐾−1
𝑐
𝑁 𝑗 𝑖=1
2
z−𝑗
!
𝑁
Õ 1 Õ

=
𝜔𝑖𝑗 (d−𝑗 )𝐶 𝑖𝑗 𝑌𝑖 (𝑑 𝑗 = +1, d−𝑗 ) − 𝑌𝑖 (𝑑 𝑗 = −1, d−𝑗 ) ,
𝑁 𝑗𝑐 𝑖=1

1 Õ

!
,

d−𝑗

where
𝜔𝑖𝑗 (d−𝑗 ) =

2

1 Õ 
I D𝑖,−𝑗 (z−𝑗 ) = d−𝑗 ,
𝐾−1
z−𝑗

Õ

𝜔𝑖𝑗 (d−𝑗 ) = 1.

d−𝑗

We again commit slight abuse of notation to convey the meaning in terms of treatment uptake rather
than assignment. Thus, we can see that the MCAFE for the main eﬀect of factor 𝑗 is an average
of complier factorial eﬀects for treatment uptake with each individual having diﬀerent weights for
marginalizing over the uptake proﬁles. These weights depend on the unit’s compliance type on the
other factors. Interpretations of the higher-order MCAFEs are similar, albeit more complicated.
Of course, treatment exclusion is a strong assumption that may not hold in practice, so it is helpful
to understand how we can interpret these IV estimands under weaker assumptions. Let 𝑇𝑖𝑘 (z−𝑘 ) ∈
{𝑐, 𝑎, 𝑛} be the compliance status for unit 𝑖 on factor 𝑘 when the other factors are set to z−𝑘 and
𝐶 𝑖𝑘 (z−𝑘 ) be an indicator for if 𝑖 is a complier for 𝑘 in that case. In Supplemental Material A, we show
that, assuming monotonicity (Assumption 2), the individual ITTs for treatment uptake on the main
eﬀects can be written as
𝛿 𝑖𝑗 =

1
2 𝐾−1

Õ

𝐶 𝑖𝑗 (z−𝑗 )

z−𝑗 ∈Z−𝑗

which is the marginalized compliance rate for unit 𝑖 on factor 𝑗, where the marginalization is over
the assignments to other factors.
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We can obtain an intuitive interpretation of main eﬀect MCAFEs without treatment exclusion,
but we have to place some restrictions on the ﬁrst-stage relationship between assignment and uptake.
In the context of interference in randomized experiments, Imai, Jiang, and Malai (2020) proposed the
following assumption that limits how one factor may inﬂuence uptake on other factors.
Assumption 5 (Weak treatment exclusion). For any z−𝑗 ∈ Z−𝑗 , if 𝐷𝑖𝑗 (+1, z−𝑗 ) = 𝐷𝑖𝑗 (−1, z−𝑗 ), then
D𝑖 (+1, z−𝑗 ) = D𝑖 (−1, z−𝑗 ).
In words, this assumption says that if unit 𝑖 is a noncomplier on factor 𝑗 when the other factors are
assigned to z−𝑗 , then the assignment of factor 𝑗 should not aﬀect the treatment uptake of the other
factors for the assignment z−𝑗 . Under this assumption, monotonicity, and the outcome exclusion
restriction (that is, Assumptions 2, 3, and 5), for main eﬀects 𝑗 ∈ {1, . . . , 𝐾 }, the MCAFE has a
similar interpretation as under treatment exclusion as a weighted average of complier average eﬀects
of treatment uptake, marginalizing over the treatment assignments on the other factors,

𝜙𝑗 =

Õ

𝜔(z−𝑗 )

z−𝑗 ∈Z−𝑗

where 𝑁 𝑗𝑐 (z−𝑗 ) =

1

𝑁
Õ

𝑁 𝑗𝑐 (z−𝑗 ) 𝑖=1

Í𝑁

𝑖=1 𝐶 𝑖𝑗 (z−𝑗 )

!


𝐶 𝑖𝑗 (z−𝑗 ) 𝑌𝑖 (𝑑 𝑗 = +1, D𝑖,−𝑗 (+1, z−𝑗 )) − 𝑌𝑖 (𝑑 𝑗 = −1, D𝑖,−𝑗 (−1, z−𝑗 ))

and

𝜔(z−𝑗 ) = Í𝑁 Í
𝑖=1

𝑁 𝑗𝑐 (z−𝑗 )
,
z−𝑗 ∈Z−𝑗

𝐶 𝑖𝑗 (z−𝑗 )

Õ

𝜔(z−𝑗 ) = 1.

z−𝑗 ∈Z−𝑗

Thus, 𝜙 𝑗 is a weighted average of diﬀerent complier-speciﬁc eﬀects induced by changing the assignment of factor 𝑗 from level −1 to +1. Each eﬀect in the weighted average (the term inside the parentheses) is conditional on compliers for a speciﬁc assignment proﬁle for the other factors and the
weights depend on the compliance rate of factor 𝑗 for that proﬁle. Unlike with treatment exclusion,
assignment on factor 𝑗 may aﬀect uptake on other factors, so it is possible that D𝑖,−𝑗 (+1, z−𝑗 ) ≠
D𝑖,−𝑗 (−1, z−𝑗 ) and thus these complier-speciﬁc eﬀects are not simply the conditional eﬀects of uptake on factor 𝑗 as above. In this case, the MCAFEs combines two types of eﬀects of treatment uptake:
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,

the “direct” eﬀect of uptake on factor 𝑗 induced by assignment on 𝑗 and the “indirect” eﬀect of uptake
on other factors also induced by assignment on 𝑗.
We note two limitations with this weaker version of treatment exclusion. First, the interpretation
of interactions is much more complicated because joint compliance across two factors is not identiﬁed
under this assumption. It appears that if we wish to cleanly identify the interactive eﬀects of treatment
uptake on the outcome, we have to restrict interactive eﬀects of treatment assignment on uptake.
Second, and related, there is no way to identify perfect compliers, discussed in the following section,
under weak treatment exclusion, meaning we may be limited to providing bounds for the eﬀects
discussed below.

2.3

Perfect complier eﬀects

One issue with the marginalized-complier eﬀects is that the conditioning set changes depending on
the factorial eﬀect under study. This makes, for instance, the main eﬀect of factor 1 and the interaction
eﬀect of factor 1 and 2 diﬃcult to compare. The ﬁrst MCAFE will only average over compliers for
factor 1, while the latter will focus on compliers for factor 1 and factor 2. One way to resolve this
issue to estimate eﬀects for those units that would comply with all factors—whom we call perfect
compliers. The deﬁnition of these eﬀects requires more care than the previous estimands.
We can identify the perfect compliers by applying the 𝐾-way interaction to any vector of potential outcomes for speciﬁc treatment uptake vectors under the IV assumptions discussed earlier.
Î𝐾
Speciﬁcally, let 𝑃𝑖 = 𝑘=1
I (𝑇𝑖𝑘 = 𝑐) be an indicator for being a perfect complier. From the above
discussion, the marginalized compliers for the 𝐾-way interaction will be the perfect compliers, so
𝛿 𝑖,𝐿−1 = 𝑃𝑖 . In order to identify the potential outcomes among the perfect compliers, we must modify
the ITT for the outcome. Let H𝑖 (z) = 𝑌𝑖 (z)R𝑖 (z) so that
H𝑖 (z) = {𝑌𝑖 (z)I(D𝑖 (z) = d1 ), . . . , 𝑌𝑖 (z)I(D𝑖 (z) = d𝐿 )}> ,
and let H𝑖 (•) be the 𝐿 × 𝐿 matrix with th row H𝑖 (z ) > . We show in Supplemental Material A that,
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under Assumptions 2– 4, we have
g𝐿−1 ◦ H𝑖 (•) > g𝐿−1 = Y𝑖 𝑑 (•)𝑃𝑖 ,
where Y𝑖 𝑑 (•) = {𝑌𝑖 (d1 ), . . . , 𝑌𝑖 (d𝐿 )} are the vector of potential outcomes as functions of treatment
uptake alone. Thus, we can write the 𝑗th ITT for unit 𝑖, if unit 𝑖 is a perfect complier, as
𝜏𝑖𝑗,𝑝 = 2−(𝐾−1) g 𝑗 ◦ g𝐿−1

>

H𝑖 (•) > g𝐿−1 = 𝑃𝑖 𝜏𝑖𝑗 .

As with 𝜏𝑖𝑗 and 𝛿 𝑖𝑗 , we can write this quantity as a linear function of the potential outcomes for each
assignment,
𝜏𝑖𝑗,𝑝 =

𝐿
Õ

𝑔 𝐿−1, g 𝑗 ◦ g𝐿−1

>

H𝑖 (z ),

=1

again where 𝑔 𝐿−1, is the th entry in the g𝐿−1 vector. Let H (•) = 𝑁 −1

Í𝑁

𝑖=1 H𝑖 (•)

the be population

average of H𝑖 (•). Then we can deﬁne the population eﬀects as
>
𝜏 𝑗,𝑝 = 2−(𝐾−1) g 𝑗 ◦ g𝐿−1 H (•) > g𝐿−1
!
𝑁
𝑁
𝑁𝑝
1 Õ
1 Õ
=
𝑃𝑖 𝜏𝑖𝑗 =
𝑃𝑖 𝜏𝑖𝑗
,
𝑁 𝑖=1
𝑁 𝑝 𝑖=1
𝑁
where 𝑁 𝑝 is the number of perfect compliers in the ﬁnite population. Noting from our earlier discussion that 𝛿 𝐿−1 = 𝑁 𝑝 /𝑁, we can deﬁne
𝛾𝑗 =

𝜏 𝑗,𝑝
𝛿 𝐿−1

=

𝑁
1 Õ
𝑃𝑖 𝜏𝑖𝑗
𝑁 𝑝 𝑖=1

The 𝛾 𝑗 represent the 𝑗th average factorial eﬀect among the perfect compliers, which we refer to as
the 𝑗th perfect complier average factorial eﬀect (PCAFE). For both the PCAFE and the MCAFE, we
cannot identify who is and is not a complier, but it would be possible to extend the approach of Abadie
(2003) to provide covariate proﬁles of these groups to aid in the interpretability of these eﬀects.

2.4

Superpopulation estimands

We now take an alternative point of view—that the sample of units is actually a draw from an inﬁnite superpopulation. Now, the potential outcomes are themselves random variables and not ﬁxed
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quantities as in the ﬁnite-population point of view. Under treatment exclusion in particular, we deﬁne the probability of a particular compliance type, t ∈ T𝐾 as 𝜌t = P(T𝑖 = t). We can relate the
ﬁnite-population quantities 𝛿 𝑘 to these values by considering the limit of a series of growing ﬁnite
populations with units sampled from a larger ﬁxed population. For example, for any main eﬀect, we
have
lim 𝛿 𝑘 =
𝑁→∞

Õ

𝜌t = P(𝐶 𝑖𝑘 = 1).

t:𝑡𝑘 =𝑐

Let E[·] be the expectation operator that averages over both randomization and sampling from
the superpopulation. Then, we can deﬁne the superpopulation version of the marginalized-complier
average factorial eﬀect as
sp

𝜙 𝑗 = E[𝜏𝑖𝑗 | 𝐶 𝑖𝑗 = 1] = lim 𝜙 𝑗 .
𝑁→∞

We can also deﬁne a similar superpopulation version of the perfect complier average factorial eﬀect
as
sp

𝛾 𝑗 = E[𝜏𝑖𝑗 | 𝑃𝑖 = 1] = lim 𝛾 𝑗 .
𝑁→∞

sp

sp

Finally, we can deﬁne 𝜏 𝑗 , 𝜏 𝑗,𝑝 , and

2.5

sp
𝛿𝑗

in a similar manner.

Estimators

We can deﬁne the following natural in-sample estimators for the population (of units in the study) or
superpopulation potential outcomes:
obs

𝑌

𝑁
1 Õ
(z ) =
𝑊𝑖 𝑌𝑖obs ,
𝑁 𝑖=1

H

obs

(z ) =

R

obs

𝑁
1 Õ
(z ) =
𝑊𝑖 Robs
𝑖 ,
𝑁 𝑖=1

𝑁
1 Õ
𝑊𝑖 H𝑖 (z ).
𝑁 𝑖=1

These lead to the natural estimators for the various ITT eﬀects:

16

b
𝜏𝑗 =

𝐿
Õ

2−(𝐾−1) 𝑔 𝑗 𝑌

obs

(z ),

b
𝛿𝑗 =

=1

b
𝜏 𝑗,𝑝 =

𝐿
Õ

2−𝐾 𝑔 𝑗 g >
𝑗 R

obs

(z ),

=1
𝐿
Õ

2−(𝐾−1) 𝑔 𝐿−1, g 𝑗 ◦ g𝐿−1

>

H

obs

(z ).

=1

h obs
i
Under a completely randomized design, we have E 𝑌 (z) | F = 𝑌 (z), which implies that
b
𝜏 𝑗 is unbiased for 𝜏 𝑗 when averaging over the randomization distribution. The same result holds
for b
𝛿 𝑗 and b
𝜏 𝑗,𝑝 for 𝛿 𝑗 and 𝜏 𝑗,𝑝 , respectively. Importantly, these results do not depend on any of the
instrumental variable assumptions and hold by experimental design. Finally, we can deﬁne estimators
for the MCAFE and the PCAFE as:
b
𝜙𝑗 = b
𝜏 𝑗 /b
𝛿𝑗

b
𝛾𝑗 = b
𝜏 𝑗,𝑝 /b
𝛿 𝐿−1 .

Each of these estimators has a similar form to the classic Wald estimator: ratios of ITT eﬀects on the
outcome to ITT eﬀects on (some function of) treatment uptake.

3

Inference

Inference for instrumental variables estimators has generally followed two broad approaches. First,
and more traditionally, one can assume that the data are a random sample from an inﬁnite superpopulation and derive the asymptotic distribution of the various estimators from the central limit
theorem and the delta method. This approach has the advantage that the subsamples corresponding
to each treatment assignment vector, z , can be thought of as independent random samples from different population distributions, which greatly simpliﬁes derivation of the large-sample distribution
of the estimators. This approach considers variation in the estimates both from the randomization of
Z𝑖 and the random sampling from the superpopulation. The second approach to inference is to take
the ﬁnite-population quantities 𝜙 𝑗 and 𝛾 𝑗 as the quantities of interest and consider the behavior of
the estimators over the distribution of the treatment assignments induced by randomization (Fisher,
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1935; Imbens and Rosenbaum, 2005). This approach has the advantage that it hews closely to the design of the original experiment and is well-deﬁned even when it is diﬃcult to imagine a hypothetical
superpopulation. Below, we present results for the ﬁnite-population setting and then show how they
change when targeting inference to a superpopulation.
Once an asymptotic distribution has been established, there are several ways to construct conﬁdence intervals for the types of ratio estimators we deﬁned above. The standard way to construct
conﬁdence intervals for, say, b
𝜙 𝑗 would be to use the delta method on the ratio of b
𝜏 𝑗 and b
𝛿 𝑗 to obtain
b𝑗 . Then, a 95% conﬁdence interval could be obtained from
an estimator of its asymptotic variance, 𝑉
b
b𝑗 . Unfortunately, this approach, which is based on a Taylor expansion, can be a poor
𝜙 𝑗 ± 1.96 × 𝑉
approximation when the denominator is close to 0 (in our case, when there are relatively few compliers). An alternative approach, ﬁrst proposed by Fieller (1954), uses a carefully chosen test statistic
and inverts it to construct the conﬁdence intervals. The key to this approach is that the variance of
the test statistic under the null can be written as a quadratic function of null hypothesis of the true
eﬀect, allowing the conﬁdence intervals to achieve nominal coverage even when the denominator is
close to zero. The trade-oﬀ is that these conﬁdence intervals can have inﬁnite length in some samples.
See Supplementary Material D for simulations exploring the performance of the diﬀerent conﬁdence
interval methods and for MCAFE vs PCAFE estimators.

3.1

Expectation and variances in the ﬁnite population

Although we cannot directly calculate the expectations and variances of our ratio estimators in the ﬁnite population, we can derive these properties for their numerators and denominators. Let U𝑖 (z) =
{H𝑖 (z), R𝑖 (z)}> be the vector of all 2𝐿 potential outcomes for unit 𝑖 under treatment assignment z
b (z) be the vector of estiand let U (z) be the vector of 2𝐿 ﬁnite-population means. Similarly, let U
mated means based on treatment assignment. All of the ITT quantities of interest deﬁned in previous
sections are linear combinations of these potential outcomes.
Combining all of the above estimands, we are interested in 𝑟 = 3𝐿 − 3 of these eﬀects; 𝐿 − 1
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intent-to-treat factorial eﬀects on the outcome, 𝜏 𝑗 , 𝐿 − 1 eﬀects among the perfect compliers, 𝜏 𝑗,𝑝 , and
𝐿 − 1 intent-to-treat eﬀects on the treatment uptake indicators, 𝛿 𝑗 . As in Li and Ding (2017), we can
write our vector of estimands using coeﬃcient matrices Q ∈ R𝑟×2𝐿 so that we have
θ𝑖 =

𝐿
Õ

θ𝑖 = {𝜏𝑖1 , . . . , 𝜏𝑖,𝐿−1 , 𝜏𝑖1,𝑝 , . . . , 𝜏𝑖,𝐿−1,𝑝 , 𝛿 𝑖1 , . . . , 𝛿 𝑖,𝐿−1 }> .

Q U𝑖 (z )

=1

Averaging over units, we can write the vector of estimands as
θ=

𝐿
Õ

θ = {𝜏 1 , . . . , 𝜏 𝐿−1 , 𝜏 1,𝑝 , . . . , 𝜏 𝐿−1,𝑝 , 𝛿 1 , . . . , 𝛿 𝐿−1 }> .

Q U (z ),

=1

b = Í 𝐿 Q U
b (z ),
Furthermore, we can write the vector of estimators for these quantities deﬁned above as θ
=1
b is b
where the ﬁrst entry of θ
𝜏1 and the other values are deﬁned similarly. For our particular quantities
of interest, we have
2−(𝐾−1) 𝑔1 1>𝐿
0>𝐿
©
ª
..
..

®
.
.

®

®

2−(𝐾−1) 𝑔 𝐿−1, 1>𝐿
0>𝐿
®
 −(𝐾−1)
®
>
>
 2
®
𝑔 𝐿−1, (g1 ◦ g𝐿−1 )
0𝐿

®
.
.

®,
..
..
Q = 
®
 −(𝐾−1)
®
>
>
𝑔 𝐿−1, (g𝐿−1 ◦ g𝐿−1 )
0𝐿
2
®

®
0>𝐿
2−𝐾 𝑔1 g1> ®


®
..
..

®
.
.

®
>
>
−𝐾 𝑔
0
2
g
𝐿−1,
𝐿
𝐿−1 ¬
«
where the exact formulations of each block come from the above deﬁnitions of the estimands.
To assess the asymptotic distribution of the these estimators, we now deﬁne several variance and
covariance terms. In particular, let
𝑁

S2 =

1 Õ
[U𝑖 (z ) − U (z )] [U𝑖 (z ) − U (z )] >
𝑁 − 1 𝑖=1

and
𝑁

Sθ2 =

1 Õ
[θ𝑖 − θ] [θ𝑖 − θ] > .
𝑁 − 1 𝑖=1

The ﬁrst of these, S2 is the variance of the potential outcomes under treatment assignment z , and
the second, Sθ2 , is the covariance matrix of the individual-level treatment eﬀects. Note that while S2
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can be identiﬁed under the present experimental design, Sθ2 cannot be identiﬁed because it would
require observing individual-level treatment eﬀects. In particular, we can use the sample variance
within each treatment arm to estimate S2 ,
s2 =

on
o>
Õ n
1
b (z ) U𝑖 − U
b (z ) .
U𝑖 − U
𝑁 − 1 𝑖:𝑊 =1
𝑖

b has mean θ and covariance
Under Assumption 1 and over the randomization distribution, θ
b =
cov( θ)

𝐿
Õ
1
1 2
Q S2 Q>
Sθ ,
 −
𝑁
𝑁

=1

by Theorem 3 of Li and Ding (2017). This result is a ﬁnite-population result and requires no assumptions on the data generating process of the outcomes.
b can be V
b = Í𝐿 𝑁 −1 Q s2 Q> . Given the
A conservative estimator for the covariance of θ
=1 
 
b by 𝑁 −1 S 2 . This latter quantity is generally
above result, this will overestimate the covariance of θ
θ
unestimable because estimating it would require observing the joint distribution of diﬀerent potential
outcomes, {U𝑖 (z1 ), . . . , U𝑖 (z𝐿 )}. Under the additional stringent assumption that all of the individuallevel eﬀects are additive, Sθ2 will be equal to 0 because the eﬀects do not vary across units. In the IV
context, however, additive treatment eﬀects are awkward because they would rule out heterogeneous
treatment eﬀects that the compliance framework is designed to address.

3.2

Asymptotic distribution under a ﬁnite-population approach

In this subsection, we take a ﬁnite-population approach to asymptotics that treats Π𝑁 = {U1 (z1 ), . . . , U𝑁 (z𝐿 )}
as a set of ﬁxed population quantities and all randomness comes from the distribution of Z𝑖 . To perform asymptotics in this setting, we embed Π𝑁 into a hypothetical sequence of ﬁnite populations that
grow in size and investigate the properties of our estimators along that sequence (see Lehmann and
D’Abrera, 1975; Lehmann, 1999; Li and Ding, 2017, for more on this approach). We assume that we
are in a setting where as 𝑁 increases, 𝑁 also increases without bound for all . In particular, we
assume that 𝑁 /𝑁 has a positive limiting value for all  throughout.
We start by getting a consistency result.
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Theorem 1 (Consistency). Under Assumption 1 and the assumption that (1 − 𝑁 /𝑁)S2 /𝑁 → 0 as
𝑝

b− θ →
𝑁 → ∞, θ
− 0 as 𝑁 → ∞.
Proof. From ﬁnite population results in, for instance, Rosén (1964) and Scott and Wu (1981), the
𝑝

b (z) − U (z) →
assumption that (1 − 𝑁 /𝑁)S2 /𝑁 → 0 gives us that U
− 0 as 𝑁 → ∞ for all z.
Therefore
b− θ =
θ

𝐿
Õ

b (z ) −
Q U

=1

𝐿
Õ

Q U (z ) =

𝐿
Õ


 𝑝
b (z ) − U (z ) →
Q U
− 0.

=1

=1


b we need to know
We now move on to distributional results. In order to conduct inference on θ,
not only its moments, but also its distribution. While it is possible to computationally approximate the
b under a null hypothesis about θ, this approach can be quite complirandomization distribution of θ
cated and even infeasible when entertaining non-sharp null hypotheses (Kang, Peck, and Keele, 2018).
b as
Instead, we rely on ﬁnite-population asymptotics to derive an approximation of the distribution θ
in Li and Ding (2017) and Kang, Peck, and Keele (2018). In this framework, we can derive asymptotic
normality of our estimators under a limitation on how much a unit can dominate the population variance. In particular, deﬁne the maximum squared distance of the 𝑞th coordinate of Q U𝑖 (z ) from its
population mean,
h
i2
𝑚 (𝑞) = max1≤𝑖≤𝑁 Q U𝑖 (z ) − Q U (z )

1 ≤ 𝑞 ≤ 𝑟,

𝑞

the ﬁnite-population variance of the 𝑞th coordinate of Q U𝑖 (z ),
𝑁

i2
1 Õh
𝑣 (𝑞) =
Q U𝑖 (z ) − Q U (z) 
𝑞
𝑁 − 1 𝑖=1

1 ≤ 𝑞 ≤ 𝑟,

and the ﬁnite-population variance of the 𝑞th coordinate of θ,
𝑁

𝑣θ (𝑞) =

1 Õ
[θ𝑖 − θ] 2𝑞
𝑁 − 1 𝑖=1

1 ≤ 𝑞 ≤ 𝑟.

Li and Ding (2017) derive the following assumptions that are suﬃcient for asymptotic normality.
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Assumption 6. As 𝑁 → ∞,
max max1≤𝑞≤𝑟

𝑚 (𝑞)
1
→0
Í
2
−1
𝑁  0 𝑁 0 𝑣 0 (𝑞) − 𝑁 −1 𝑣θ (𝑞)

Roughly speaking, this assumption limits how a particular unit can dominate the variance of
Q U𝑖 (z ), uniformly across all assignment vectors and components of θ. While this assumption is
general and diﬃcult to interpret, Li and Ding (2017) demonstrate several more interpretable conditions that imply this assumption. Finally, we impose a regularity condition on the correlation matrix
b and derive the asymptotic distribution of the (standardized) ITT estimators.
of θ
b has limiting value 𝚺.
Assumption 7. The correlation matrix of θ
Lemma 1. Under Assumption 1, 6 and 7, by Theorem 4 of Li and Ding (2017), we have
b
© b
𝜏1,𝑐 − 𝜏 1,𝑐
b
𝜏 𝐿−1,𝑐 − 𝜏 𝐿−1,𝑐 b
𝜏 𝐿−1 − 𝜏 𝐿−1 b
𝛿 𝐿−1 − 𝛿 𝐿−1 ª® 𝑑
𝛿1 − 𝛿 1
 p𝜏1 − 𝜏 1 , . . . , b
− 𝑁 (0, 𝚺).
,
,
.
.
.
,
,
.
.
.
,
,
p
p
p
q
q

®→
𝜏1,𝑐 )
var(b
𝜏 𝐿−1,𝑐 )
var(b
𝜏1 )
var(b
𝜏 𝐿−1 ) var(b
b
b
var( 𝛿1 )
var( 𝛿 𝐿−1 ) ¬
«
These results do not rely on any of the instrumental variable assumptions (monotonicity and the
exclusion restrictions), and so we can conduct inference on these quantities as ITT eﬀects even if
the IV assumptions are suspect. These quantities will gain the additional interpretations in terms of
complier eﬀects, as discussed earlier, if the IV assumptions hold.
To get an asymptotic, ﬁnite-population distributional result for our IV estimators, which are all
ratio estimators, we can use a ﬁnite-population delta method (Pashley, 2019).
Lemma 2. Under Assumption 1, 6 and 7, assumptions for Theorem 1, and also assuming that 𝛿 𝑗 has a
non-zero limiting value, we have the following asymptotic normality result for our MCAFE estimators:
b
𝜙𝑗 − 𝜙𝑗
r

1
𝜏𝑗)
2 var(b
𝛿𝑗

2 1
b
2 var( 𝛿 𝑗 )
𝛿𝑗

+ 𝜙𝑗

𝑑

→
− N(0, 1).
− 2𝜙 𝑗 12 cov(b
𝜏𝑗, b
𝛿 𝑗)
𝛿𝑗

It is straightforward to extend this result to the PCAFEs. Although the delta method is typically
associated with a superpopulation perspective, this is a ﬁnite-population asymptotic result only requiring standard assumptions on the asymptotic variance and that 𝛿 𝑗 has a non-zero limiting value,
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which under monotonicity is the same as assuming that the proportion of compliers for that particular eﬀect has a non-zero limiting value.
We can construct conﬁdence intervals directly from this distribution by estimating the variance
as

1
var(b
c 𝜏𝑗)
b
𝛿 𝑗2

+b
𝜙2𝑗 b12 var(
c b
𝛿 𝑗 ) − 2b
𝜙 𝑗 b12 cov(b
c 𝜏𝑗, b
𝛿 𝑗 ). However, we employ a useful trick in the next section
𝛿𝑗

𝛿𝑗

to create intervals with potential beneﬁts in terms of coverage and behavior with small compliance
probabilities.
Before moving on to this conﬁdence interval method, we give a ﬁnal consistency result for our
ratio estimators:
Lemma 3. Assume either of the following two sets of conditions:
(a) the assumptions of Theorem 1 and the additional assumptions that all components of θ have ﬁnite
limiting values, and in particular non-zero limiting values for the 𝛿 𝑗 ; OR
(b) the assumptions of Lemma 2 and the additional assumption that S2 and Sθ2 have ﬁnite limiting
values.
𝑝

𝑝

Then b
𝜙𝑗 − 𝜙𝑗 →
− 0 and b
𝛾𝑗 − 𝛾 𝑗 →
− 0 as 𝑁 → ∞, for all 𝑗 ∈ {1, . . . , 𝐿 − 1}.
Lemma 3 requires additional regularity conditions on the sequence of ﬁnite populations beyond
those required in Theorem 1 to avoid situations where the ratio of the population ITTs diverges as
𝑁 → ∞. We provide a proof of this result in Supplemental Material A.

3.3

Constructing conﬁdence intervals for IV eﬀects: Fieller’s method

The results of the previous section can be used directly to generate conﬁdence intervals. Here we
present a method to create intervals originally from Fieller (1954) and used in Kang, Peck, and Keele
(2018) and Li and Ding (2017) in the context of instrumental variables, which performs better with
low rates of compliance. We can begin from the result of Lemma 2 to derive this method but it is
traditional instead to consider the hypothesis test of a particular value, 𝐻0 : 𝜙 𝑗 = 𝜙 𝑗0 , which can be
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rewritten as 𝐻0 : 𝜏 𝑗 − 𝜙 𝑗0 𝛿 𝑗 = 0. Following Fieller (1954) and Kang, Peck, and Keele (2018), we use
the following test statistic to assess this hypothesis:
𝑇 (𝜙 𝑗0 ) = b
𝜏 𝑗 − 𝜙 𝑗0b
𝛿 𝑗,
for which it is straightforward to use the asymptotic results previously used to derive the (asymptotic)
variance as
𝜎 2 (𝜙 𝑗0 ) = var(b
𝜏 𝑗 ) + 𝜙2𝑗0 var(b
𝛿 𝑗 ) − 2𝜙 𝑗0 cov(b
𝜏𝑗, b
𝛿 𝑗 ).
b for all 𝑗 and create the following estimator
We can then obtain var(b
c 𝜏 𝑗 ), var(
c b
𝛿 𝑗 ), and cov(b
c 𝜏𝑗, b
𝛿 𝑗 ) from V
for the variance of the test statistic:
b
𝜎 2 (𝜙 𝑗0 ) = var(b
c 𝜏 𝑗 ) + 𝜙2𝑗0 var(
c b
𝛿 𝑗 ) − 2𝜙 𝑗0 cov(b
c 𝜏𝑗, b
𝛿 𝑗 ).
Under the above results about the approximate normality of these quantities, the typical way to assess
this hypothesis is to reject the null if
𝑇 (𝜙 𝑗0 )
≥ 𝑧1−𝛼/2
b
𝜎 (𝜙 𝑗0 )
for some pre-speciﬁed choice of 𝛼. We could then construct a 1 − 𝛼 conﬁdence interval for this
quantity by inverting the test:

 n
o
𝑇 (𝜙 𝑗0 )
2
.
𝜙 𝑗0 :
≤ 𝑧1−𝛼/2 = 𝜙 𝑗0 : 𝑇 (𝜙 𝑗0 ) 2 ≤ b
𝜎 2 (𝜙 𝑗0 )𝑧1−𝛼/2
b
𝜎 (𝜙 𝑗0 )
Noting that 𝑇 (𝜙 𝑗0 ) 2 = (b
𝜏 2𝑗 − 2𝜙 𝑗0b
𝜏 𝑗b
𝛿 𝑗 + 𝜙2𝑗0b
𝛿 𝑗2 ), this implies that we can generate the 1 − 𝛼 conﬁdence
interval by ﬁnding: {𝜙 𝑗0 : 𝑎𝜙2𝑗0 + 𝑏𝜙 𝑗0 + 𝑐 < 0}, where
2
𝑎=b
𝛿 𝑗2 − 𝑧1−𝛼/2
var(
c b
𝛿 𝑗)


2
𝑏 = −2 b
𝜏 𝑗b
𝛿 𝑗 − 𝑧1−𝛼/2
cov(b
c 𝜏𝑗, b
𝛿 𝑗)
2
𝑐 =b
𝜏 2𝑗 − 𝑧1−𝛼/2
var(b
c 𝜏 𝑗 ).

As in the case of Fieller (1954), Li and Ding (2017), and Kang, Peck, and Keele (2018), the type of
interval generated by this quadratic inequality can take several forms: closed interval, disjoint union
of tail intervals, or an inﬁnite-length interval that covers the real line. A similar derivation holds for
hypotheses about the perfect complier eﬀects, 𝛾 𝑗 , replacing b
𝜏 𝑗 with b
𝜏 𝑗,𝑝 .
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3.4

Inference under a superpopulation model

If we assume that the data are random samples from an inﬁnite superpopulation, some aspects of
inference become simpler. In particular, we can view the observations of 𝑌𝑖 for Z𝑖 = z to be a random
sample from the superpopulation distribution of 𝑌𝑖 (z), independent from the samples of the other
b is a consistent estimator for the asymptotic covariance of
treatment assignments. This means that V
√
b − θ) converges in distribution to 𝑁 (0, V ),
b In addition, under mild regularity conditions 𝑁 ( θ
θ.
b Thus, one can derive conﬁdence intervals for the
where V is the superpopulation variance of θ.
b and applying either the above delta method or test-inversion
superpopulation parameters using V
methods.
In the Supplemental Material C we describe a Bayesian approach to inference in this setting as
that is a popular way to study both factorial experiments (Dasgupta, Pillai, and Rubin, 2015) and
instrumental variables (Imbens and Rubin, 1997).

4

Empirical Applications

We now apply our framework to two empirical settings. The ﬁrst is a ﬁeld experiment with two
factors studying strategies for reducing criminal behavior and has relatively high compliance, both
marginally and jointly. The second is a voter mobilization study with three factors and relatively
low compliance rates across two of the factors. Both of these studies demonstrate how the choice of
which sample to target—marginalized compliers or perfect compliers–can strongly aﬀect both point
estimates and the uncertainty of our inferences.

4.1

The eﬀect of cash transfers and cognitive behavioral therapy on crime
and violence

Blattman, Jamison, and Sheridan (2017) investigate a ﬁeld experiment to assess various strategies for
reducing violence and crime among poor young men who had previously engaged in such behavior.
In particular, the experiment attempted to compare the use of cash transfers to the use of cognitive
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behavioral therapy, the latter of which attempted to boost a host of noncognitive skills that would
reduce antisocial behaviors. The study randomly assigned these two factors, in independent lotteries, to a sample of 999 high-risk men in Liberia aged 18 to 35. The independent lotteries means that
the number of units actually assigned to each of the four treatment combinations is random. However, if we condition on the number of units assigned to each treatment combination, we are exactly
back in our (unbalanced) factorial setting with randomization as in Assumption 1. See Pashley, Basse,
and Miratrix (2020) for discussion of the validity of this style of conditional as-if analysis. There
were additional complications to the experimental design, including some blocking, but we ignore
these issues for clarity of the illustration. The cash treatment was equivalent to around three months’
wages and the group cognitive behavioral therapy (CBT) was an eight-week program that emphasized self-control, forward-looking behavior, and nonviolence. They then investigate the eﬀects of
these treatments on a range of outcomes both in the short-term (2–5 weeks after treatment) and the
long-term (12–13 months after treatment), including economic outcomes, antisocial behaviors, and
a variety of intermediary outcomes. The economic outcomes include income, consumption, and savings, whereas the antisocial behaviors include measures of drug dealing, ﬁghts, weapon-carrying, and
thefts.
Blattman, Jamison, and Sheridan (2017) investigated the intent-to-treat eﬀects of cash and CBT,
but there was noncompliance for both the cash and CBT treatments. Perhaps unsurprisingly, the cash
treatment had a relatively high marginal compliance rate of 0.98. Following Blattman, Jamison, and
Sheridan (2017), we deﬁne compliance with the CBT treatment as attending 80% of the group therapy
sessions, and with that deﬁnition the marginal compliance rate for the CBT treatment is 0.63. Given
the high rate of compliance for the cash treatment, the perfect compliance rate is very similar to the
marginal compliance rate for CBT. This deﬁnition of compliance for CBT has a disadvantage in that
it might make the outcome exclusion restriction less plausible since it would require participants who
when assigned to CBT would attend 75% of CBT sessions to have the same outcomes when assigned
to CBT or to control. In Supplemental Material E, we estimate the MCAFEs and PCAFEs under
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Figure 1: Estimated marginal and perfect complier factorial eﬀects cash transfers and cognitive behavioral
therapy. Lines show conﬁdence intervals obtained by the method of Section 3.3.

an alternative deﬁnition of treatment uptake as attending any CBT sessions, which largely sidesteps
these concerns.
Figure 1 displays the ITTs, MCAFEs, and PCAFEs of this experiment on the summary indices of
economic measure, antisocial behaviors, and one of the intermediary measures, the quality of social
networks. Substantively, these show similar results to the original ﬁndings of Blattman, Jamison, and
Sheridan (2017), with the cash treatment increasing the short-term economic outcomes for participants, while CBT lowers antisocial behavior and increases the quality of social networks. Given how
CBT noncompliance drives most of the noncompliance in this experiment, the eﬀects of CBT are
very similar across the MCAFEs and PCAFEs, whereas both of these tend to diﬀer from the ITTs.
Interestingly, the PCAFEs for the cash treatment do sometimes diﬀer from the MCAFEs. The estimated perfect complier eﬀect of cash on long-term economic outcomes is larger than the estimated
marginal complier eﬀect, and for short-term quality of social networks, the MCAFE for cash is sta-
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tistically signiﬁcant whereas the PCAFE is not.
One way that the factorial setting diﬀers from the univariate IV setting is that it is less clear how
ITT factorial eﬀects, 𝜏 𝑗 , relate to the perfect complier eﬀects, 𝛾 𝑗 . With univariate IV, the standard
ratio of ITT to compliance rate means that the ITT is mechanically lower than the complier average
treatment eﬀect, because the compliance rate is less than 1. This basic relationship also holds for the
MCAFEs, 𝜙 𝑗 , and the typical ITT factorial eﬀects, 𝜏 𝑗 . This does not necessarily hold for PCAFEs since
they are the ratio 𝜏 𝑗,𝑝 /𝛿 𝐿−1 , and so they will be larger in magnitude than 𝜏 𝑗,𝑝 but not necessarily larger
in magnitude than the usual ITT factorial eﬀect, 𝜏 𝑗 . For instance, on long-term antisocial behavior, the
ITT interaction between cash and CBT is −0.32, whereas the estimated perfect complier interaction
is about 25% smaller in magnitude at −0.24. This highlights how important it can be to move past
ITTs and investigate noncompliance in the factorial setting.
Finally, we might worry about treatment exclusion in this case because perhaps being assigned
cash makes compliance with the CBT condition more likely. We can investigate this by checking if
there is an interaction between cash and CBT assignment on uptake for CBT. If there was a signiﬁcant
interaction, this might cast doubt on treatment exclusion. In this case, however, such an interaction
is negligible: the proportion CBT uptake is 0.647 when cash is assigned and 0.628 when no cash
was assigned (𝑝 = 0.686). While not a conﬁrmation of treatment exclusion, this might give us some
conﬁdence that it is a reasonable assumption in this setting.

4.2

The eﬀect of political canvassing on voter turnout

A large literature in political science uses ﬁeld experiments to examine the eﬀectiveness of various
strategies for encouraging voter turnout in elections. These strategies include phone calls, doorto-door canvassing, mailers, and more. A ubiquitous problem with these ﬁeld experiments is noncompliance because relatively few people are willing and able to speak with political canvassers on
the phone or at the doorstep. We apply the above framework to a particular get-out-the-vote ﬁeld
experiment ﬁelded in New Haven ahead of the 1998 general election in New Haven, CT (Gerber and
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Figure 2: Estimated marginal and perfect complier factorial eﬀects of get-out-the-vote methods on voter
turnout.

Green, 2000). In the original experiment, 𝑁 = 23, 450 households were randomly assigned three
factors: a door-to-door canvassing visit (or not), a phone call (or not), and a mailer sent to their
home (or not). Note that door-to-door canvassing was randomized independently of the other two
factors, so again here we are performing a conditional analysis when analyzing as a factorial design,
conditioning on the number of people actually assigned to each treatment combination. All of the
factors involved messages that encouraged voter turnout. Randomization was done at the household
level and the outcome is whether anyone in the household voted in the 1998 general election. Previous
studies have analyzed various aspects of this experiment, both substantively and methodologically
(Gerber and Green, 2000; Imai, 2005; Hansen and Bowers, 2009; Blackwell, 2017).
Noncompliance in this voter mobilization setting usually occurs when a resident fails to answer
the door for an in-person canvassing attempt or fails to answer the phone for a phone canvassing
attempt. We could also imagine noncompliance on the mailers factor, but this is diﬃcult to measure—
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we would have to know if a person both received the mailer and read it closely enough to get the
message. Thus, for the purposes of this application, we assume perfect compliance on the mailers
factor. One advantage of our approach is that all estimands, estimators, and conﬁdence intervals are
well-deﬁned even when some of the factors have perfect compliance. It also emphasizes the beneﬁts
of our MCAFE quantities which can be calculated on any given factor without knowing compliance
information for other factors. We estimate that the marginal compliance rates for in-person and
phone canvassing is 0.296 and 0.282, respectively. The perfect compliance rate, on the other hand, is
just 0.104.
Figure 2 shows the estimated MCAFEs and PCAFEs for this voter mobilization study with 95%
conﬁdence intervals using the Fieller method. The main substantive takeaway from the results is that
only in-person canvassing appears to have a positive and statistically signiﬁcant eﬀect on turnout,
at least for marginal compliers. Other MCAFEs, while sometimes having large point estimates, all
have conﬁdence intervals that include 0. The eﬀects for perfect compliers also all have conﬁdence
intervals that include zero, and all of these intervals are much wider than for marginal compliers.
This demonstrates the loss of precision when attempting to make inferences about a smaller group,
even if the resulting coeﬃcients are more directly comparable. Even with that increase in uncertainty,
there are striking diﬀerences between the point estimates of the PCAFEs and MCAFEs, which could
also reﬂect how the perfect compliers in this setting might be behavioral outliers. Given that the
in-person canvassing was done during the day, these are people who are home and willing to talk
to about political campaigns in person or over the phone. We may expect these individuals to have
diﬀerent responses to canvassing attempts than the population at large.

5

Conclusion

In this paper we have presented a new framework for 2 𝐾 factorial experiments with noncompliance
on any number of factors. Under standard instrumental variable assumptions and a treatment exclusion restriction unique to this setting, we showed how there are several ways to deﬁne compliance
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and we exploited this to deﬁne two broad classes of factorial eﬀects: those for marginal compliers and
those for perfect compliers. Furthermore, we detailed several ways to estimate and make inferences
about these quantities of interest.
There are several avenues for extending this framework. The ﬁrst would be to consider how to
proceed with the identiﬁcation and estimation of bounds for either the overall average factorial eﬀect
or various complier factorial eﬀects when the assumptions maintained in this paper do not hold. In
particular, the treatment exclusion restriction assumption can be restrictive in that it rules out many
types of interactions for compliance. This is especially limiting because interactions are often the
target of inference in factorial experiments. Another way to extend this setting would be to allow for
more than two levels for each factor given these types of designs are quite common in the social and
biomedical sciences. Finally, there are many situations where the compliance status is unknown or
only known for a subset of individuals, as in the mailers in the GOTV New Haven experiment. In
these settings, it would be useful to use partial identiﬁcation and bounds to understand what can be
learned about the eﬀect of treatment uptake.
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Supplemental Materials (to appear online)
A

Technical Notes on the IV Estimands

Here we highlight and explain a few results used in the main text to deﬁne the estimands of interest.
Much of the notation and approach is an application of the framework of Dasgupta, Pillai, and Rubin
(2015), but there are a few results that are unique to this setting.
e𝑖𝑗 (z) = g > R𝑖 (z).
Lemma SM.1. For all factorial eﬀects 𝑗, we have 𝐷
𝑗
e𝑖𝑗 (z) = 𝐷𝑖𝑗 (z) = g > R𝑖 (z) because g 𝑗 gives the level of factor 𝑗 for each
Proof. For main eﬀects, 𝐷
𝑗
of the 𝐿 treatment combinations and R𝑖 (z) indicates which of these combinations unit 𝑖 takes when
assigned to treatment z. The results for higher order eﬀects follow directly because in that case, g 𝑗
is exactly the Hadamard product of the 𝑔 vectors for active factors of eﬀect 𝑗. That is, it gives the
product of the treatment levels for each active factor for all 𝐿 treatment combinations. Thus, when
multiplied by R𝑖 (z), it gives the multiplication of treatment levels for the active factors according to
the actual treatment uptake when assigned to z. Applying the same logic to each vector of treatment
e 𝑖𝑗 (•) = R𝑖 (•)g 𝑗 .
assignments (and applying the appropriate transposes) also gives D
Lemma SM.2. Under Assumptions 2 and 4, we have 𝛿 𝑖𝑗 =

Î

𝑘∈K ( 𝑗)



I(𝑇𝑖𝑘 = 𝑐).

Proof. Under monotonicity and treatment exclusion, note that 𝑇𝑖𝑘 = 𝑐 implies that 𝐷𝑖𝑘 (𝑧 𝑘 ) = 𝑧 𝑘
Î
Î
and so if 𝑘∈K ( 𝑗) I(𝑇𝑖𝑘 = 𝑐) = 1 then for any assignment vector z ∗ , we have 𝑘∈K ( 𝑗) 𝐷𝑖𝑘 (𝑧∗𝑘 ) =
Î
Î
Î
∗
𝑘∈K ( 𝑗) 𝑧 𝑘 . By its deﬁnition, g 𝑗 has representative entries 𝑔  𝑗 =
𝑘∈K ( 𝑗) 𝑧  𝑘 . Thus, if
𝑘∈K ( 𝑗) I(𝑇𝑖𝑘 =
e 𝑖𝑗 (•) = g 𝑗 and so 𝛿 𝑖𝑗 = 2−𝐾 g > g 𝑗 = 1.
𝑐) = 1 then D
𝑗
Î
We now show that if 𝑘∈K ( 𝑗) I(𝑇𝑖𝑘 = 𝑐) = 0, then 𝛿 𝑖𝑗 = 0. Suppose that 𝑇𝑖𝑘 = 𝑎 for some 𝑘 ∈ K ( 𝑗).
e 𝑖𝑗 (•) = g 𝑗0 , where 𝑗0 is the factorial eﬀect corresponding to the interaction among the factors
Then, D
0
K ( 𝑗) \ 𝑘. Since the g vectors are, by deﬁnition, mutually orthogonal, we have 𝛿 𝑖𝑗 = 2−𝐾 g >
𝑗 g 𝑗 = 0.

e 𝑖𝑗 (•) = −g 𝑗0 , and
Changing the compliance status of the noncomplier to 𝑛 only changes the sign, D
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the same result holds. Furthermore, the same logic applies when adding more of the active factors to
Î

noncompliers, so that 𝑘∈K ( 𝑗) I(𝑇𝑖𝑘 = 𝑐) = 0 implies 𝛿 𝑖𝑗 = 0, which concludes the proof.
Lemma SM.3. Under Assumptions 2, 3, and 4, for any 𝑗 ∈ {1, . . . , 𝐾 },
𝜙𝑗 =

1

𝑁

1 Õ
𝐶
𝑌𝑖 (𝑑 𝑗 = +1, z−𝑗 ) − 𝑌𝑖 (𝑑 𝑗 = −1, z−𝑗 )
𝑖𝑗
𝑁 𝑗𝑐 𝑖=1

Õ

2 𝐾−1

z−𝑗 ∈Z−𝑗

!
.

Proof. By the deﬁnition of 𝜏𝑖𝑗 , monotonicity, and the outcome and treatment exclusion restrictions,
we have
𝜏𝑖𝑗 =
=
=

1

Õ

2 𝐾−1
1

𝑌𝑖 (𝑧 𝑗 = +1, z−𝑗 ) − 𝑌𝑖 (𝑧 𝑗 = −1, z−𝑗 )

z−𝑗 ∈Z−𝑗

Õ

2 𝐾−1
1

𝑌𝑖 (𝑑 𝑗 = 𝐷𝑖𝑗 (𝑧 𝑗 = +1), z−𝑗 ) − 𝑌𝑖 (𝑑 𝑗 = 𝐷𝑖𝑗 (𝑧 𝑗 = −1), z−𝑗 )



z−𝑗 ∈Z−𝑗

Õ

2 𝐾−1




𝐶 𝑖𝑗 𝑌𝑖 (𝑑 𝑗 = +1, z−𝑗 ) − 𝑌𝑖 (𝑑 𝑗 = −1, z−𝑗 ) .

z−𝑗 ∈Z−𝑗

Combining these results with Lemma SM.2 and the deﬁnition of 𝜙 𝑗 gives the desired result.
Lemma SM.4. Under Assumption 2, we have 𝛿 𝑖𝑗 = 2−(𝐾−1)

Í

𝑧−𝑗 ∈Z−𝑗



𝐶 𝑖𝑗 (z−𝑗 ) for 𝑗 ∈ {1, . . . , 𝐾 }.

Proof. Under monotonicity, we have
𝐶 𝑖𝑗 (z−𝑗 ) =

1
𝐷𝑖𝑗 (𝑧 𝑗 = +1, z−𝑗 ) − 𝐷𝑖𝑗 (𝑧 𝑗 = −1, z−𝑗 ) .
2

Combining this with the deﬁnition of 𝛿 𝑖𝑗 , we have
𝛿 𝑖𝑗 =
=

1
2𝐾

Õ 

𝐷𝑖𝑗 (𝑧 𝑗 = +1, z−𝑗 ) − 𝐷𝑖𝑗 (𝑧 𝑗 = −1, z−𝑗 )

z−𝑗 ∈Z−𝑗

1
2 𝐾−1

Õ

𝐶 𝑖𝑗 (z−𝑗 ).

z−𝑗 ∈Z−𝑗


Lemma SM.5. Under Assumptions 2, 3, and 4, g𝐿−1 ◦ H𝑖 (•) > g𝐿−1 = Y𝑖 𝑑 (•)𝑃𝑖 , where
Y𝑖 𝑑 (•) = {𝑌𝑖 (d1 ), . . . , 𝑌𝑖 (d𝐿 )}
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Proof. Let H𝑖[] be the th column of H𝑖 (•), which has the following form:
H𝑖[] = {𝑌𝑖 (z1 )I(D𝑖 (z1 ) = d ), . . . , 𝑌𝑖 (𝑧 𝐿 )I(D𝑖 (z𝐿 ) = d )}.
> g
It is suﬃcient to show that 𝑔,𝐿−1 H𝑖[]
𝐿−1 = 𝑌𝑖 (d )𝑃𝑖 for an arbitrary . Let R𝑖[] be the th column

of R𝑖 (•), which can be written as
R𝑖[] = {I(D𝑖 (z1 ) = d ), . . . , I(D𝑖 (z𝐿 ) = d )}.
Because of the outcome exclusion restriction, we know that H𝑖[] = 𝑌𝑖 (d )R𝑖[] . Then, we have


>
𝑔,𝐿−1 H𝑖[]
g𝐿−1 = 𝑌𝑖 (d ) 𝑔,𝐿−1 R>
g
𝑖[] 𝐿−1 .
We now show that R>
g
= 𝑃𝑖 𝑔,𝐿−1 . First, note that if unit 𝑖 is a perfect complier, then R𝑖[] is a
𝑖[] 𝐿−1
vector with 1 in the th position and 0 elsewhere. Thus, when 𝑃𝑖 = 1, R>
g
= 𝑔,𝐿−1 .
𝑖[] 𝐿−1
Now, without loss of generality, consider if unit 𝑖 is a noncomplier on factor 1 and a complier
on all other factors. Then, unit 𝑖 can have two possible vectors R𝑖[] . First, if unit 𝑖 never obtains
treatment uptake vector d then R𝑖[] = 0𝐿 . Second, unit 𝑖 can obtain d twice: D𝑖 (z ) = d
D𝑖 (z ∗ ) = d where z ∗ = (−𝑧1 , z−1, ) is the treatment assignment vector with the ﬁrst entry ﬂipped
from treatment to control (or vice versa). In this case R𝑖[] is a vector with a 1 in both the  and  ∗
Î𝐾
positions and 0 values elsewhere. By its deﬁnition, 𝑔,𝐿−1 = 𝑘=1
𝑧 𝑘, , so we have 𝑔,𝐿−1 = −𝑔 ∗ ,𝐿−1 .
Thus, under either scenario, we have R>
g
= 0. The same logic applies if unit 𝑖 is a noncomplier
𝑖[] 𝐿−1
on an additional factor (or multiple additional factors) and, because these choices are arbitrary, we
can conclude that R>
g
= 𝑃𝑖 𝑔,𝐿−1 , and so
𝑖[] 𝐿−1
>
𝑔,𝐿−1 H𝑖[]
g𝐿−1

= 𝑌𝑖 (d )



𝑔,𝐿−1 R>
𝑖[] g 𝐿−1

2
because 𝑔,𝐿−1
= 1 for all .



= 𝑌𝑖 (d )𝑃𝑖


We now provide a proof of Lemma 3 in the main text.
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Proof of Lemma 3. We focus on the result for b
𝜙 𝑗 , as the result for b
𝛾 𝑗 follows analogously. Under as𝑝

𝑝

− 0 and b
𝛿𝑗 − 𝛿 𝑗 →
− 0. Assumptions (a) also posit
sumptions (a), we have from Theorem 1 that b
𝜏𝑗 − 𝜏 𝑗 →
sp

sp

limiting values such that 𝜏 𝑗 →
− 𝜏 𝑗 and 𝛿 𝑗 →
− 𝛿 𝑗 ≠ 0. It is straightforward to show that this implies
𝑝

sp

𝑝

sp

that b
𝜏𝑗 →
− 𝜏 𝑗 and b
𝛿𝑗 →
− 𝛿 𝑗 . An application of the Continuous Mapping Theorem gives us
sp

𝑝

b
𝜙𝑗 →
−

𝜏𝑗

sp

𝛿𝑗
𝑝
and so we must have b
𝜙𝑗 − 𝜙𝑗 →
− 0.

Alternatively, consider assumptions (b). Here we have the asymptotic normality result on b
𝜙 𝑗 −𝜙 𝑗 of
Lemma 2 and we also have limiting values on the variance components, which gives a limiting value
√
𝜙 𝑗 − 𝜙 𝑗 ). A
on the asymptotic variance. This implies we have an asymptotic normality result on 𝑁 ( b
𝑝
simple application of Slutsky’s theorem then gives b
𝜙𝑗 − 𝜙𝑗 →
− 0.

B



Main Eﬀect Estimands and Estimators with Alternative Weighting

When deﬁning the factorial main eﬀects we may wish to marginalize over a distribution other than
the uniform distribution. For instance, in conjoint experiments one may wish to use the proﬁle distribution as in de la Cuesta, Egami, and Imai (2020). For the main eﬀect for factor 𝑗, this would be a
reweighting of the conditional eﬀects of factor 𝑗, conditioning on the assignment of the other factors.
That is, we can deﬁne the conditional eﬀect of factor 𝑗, conditional on the assignment of all other
factors, z [−𝑗] , as
𝜏𝑖𝑗 (z [−𝑗] ) = 𝑌𝑖 (+1, z [−𝑗] ) − 𝑌𝑖 (−1, z [−𝑗] ).
Then our factorial eﬀect is
−(𝐾−1)
𝜏𝑖𝑗 = 2−(𝐾−1) g >
𝑗 Y𝑖 (•) = 2

Õ

𝜏𝑖𝑗 (z [−𝑗] ).

z [−𝑗]

Instead, we may be interested in
Õ
e
𝜏𝑖𝑗 =
𝑃 ∗ (z [−𝑗] )𝜏𝑖𝑗 (z [−𝑗] ) = 2−(𝐾−1) e
g>
𝑗 Y𝑖 (•),
z [−𝑗]
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where 𝑃 ∗ (z [−𝑗] ) > 0,

Í

z [−𝑗]

𝑃 ∗ (z [−𝑗] ) = 1, and e
g 𝑗 is an appropriately reweighted version of g 𝑗 . Note

that under treatment exclusion, outcome exclusion, and monotonicity
𝜏𝑖𝑗 (z [−𝑗] ) = 𝐶 𝑖𝑗 𝜏𝑖𝑗 (z [−𝑗] )
and so
e
𝜏𝑖𝑗 = 𝐶 𝑖𝑗e
𝜏𝑖𝑗 .
Thus, our estimands under the IV and exclusion restriction assumptions follow naturally. For example, we can deﬁne the MCAFE for factor 𝑗 as
𝑁
e
𝜏𝑗
1 Õ
e
𝐶 𝑖𝑗e
𝜏𝑖𝑗
= 𝑐
𝜙𝑗 =
𝛿 𝑗 𝑁 𝑗 𝑖=1

and the PCAFE for factor 𝑗 as
e
𝛾𝑗 =

e
𝜏 𝑗,𝑐
𝛿 𝐿−1

=

𝑁
1 Õ
𝑃𝑖e
𝜏𝑖𝑗 .
𝑁 𝑝 𝑖=1

Once we have deﬁned these reweighted estimands, estimation follows naturally from the methods in the main text. Under treatment exclusion, our estimator b
𝛿 𝑗 can remain unchanged, though a
reweighted estimator can also be used as the conditional ITT eﬀects are all the same under treatment
exclusion. Our estimators for the numerators of our estimands become
b
e
𝜏𝑗 =

𝐿
Õ

2−(𝐾−1)e
𝑔 𝑗 𝑌

obs

(z )

=1

and
b
e
𝜏 𝑗,𝑐 =

𝐿
Õ

2−(𝐾−1)e
𝑔 𝐿−1, g 𝑗 ◦ g𝐿−1

>

H

obs

(z ).

=1

Inference will follow Section 3 by simply redeﬁning our Q matrix.

C

Bayesian Inference for Factorial Experiments with Noncompliance

One convenient and popular way to conduct inference for a randomized experiment under noncompliance is to use the Bayesian framework. This approach has been applied to the study of single-factor
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randomized experiments with noncompliance (Imbens and Rubin, 1997) and to 2 𝐾 factorial experiments with perfect compliance (Dasgupta, Pillai, and Rubin, 2015), but not to the combination of
these two settings (to our knowledge). While Bayesian methods can used to conduct inference on
ﬁnite-population quantities of interest (see, e.g., Dasgupta, Pillai, and Rubin, 2015, Section 6), this
requires parametric assumptions about the joint distribution of the potential outcomes for any particular unit. Of course, the data are completely uninformative about, for instance, the correlation
between potential outcomes for a unit and so posterior inference would be driven by prior assumptions on these parameters. Thus, we follow Imbens and Rubin (1997) and focus on conducting inference for superpopulation parameters, noting that this should generally be conservative relative to
the ﬁnite-population setting.
The goal of this analysis will be to infer the posterior distribution of the missing potential outcomes and use these posteriors to make inferences about the causal quantities of interest. To do so, we
ﬁrst note that in this setting each unit has the following random variables: Z𝑖 , D𝑖 (•), Y𝑖 (•), where
D𝑖 (•) is the 𝐿 × 𝐾 matrix with rows D𝑖 (z ) > . In addition to these, there is a unit’s compliance type,
T𝑖 , but this is a deterministic function of D𝑖 (•). Of course, for each unit, we only observe one row of
D𝑖 (•) and one value in Y𝑖 (•). We collect each of these into matrices Z, D(•), Y (•) of dimensions
𝑁 × 𝐾, 𝑁 × 𝐿𝐾 and 𝑁 × 𝐿 with rows Z𝑖> , vec(D𝑖 (•)) > , and Y𝑖 (•) > , respectively. Let Y obs and
D obs be the observed entries of the Y (•) and D(•), with Y mis and D mis being the missing values
and where missingness is deﬁned here by treatment assignment.
Using the random assignment of Z, we can characterize the joint distribution of these as
𝑓 (Z, D(•), Y (•)) = 𝑓 (D(•), Y (•) | Z)𝑓 (Z) = 𝑓 (D(•), Y (•))𝑓 (Z).
It will be more convenient to work with the distribution of the compliance types rather than the potential outcomes for treatment. Thus, we use 𝑓 (T , Y (•)) and assume this distribution is independent
and identically distributed with the following factorization:
𝑓 (T , Y (•) | ρ, ψ) =

𝑁
Ö

𝑓 (T𝑖 | ρ)𝑓 (Y𝑖 (•) | T𝑖 , ψ).

𝑖=1
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The ρ and ψ are parameter vectors with priors 𝑝(ρ, ψ). Here, ψ with entries 𝜓z |t are the parameters
of the distribution of 𝑌𝑖 (z) conditional on T𝑖 = t. With this, we can write
∫ Ö
𝑁
𝑓 (T𝑖 | ρ)𝑓 (Y𝑖 (•) | T𝑖 , ψ) 𝑝(ρ, ψ)𝑑ρ𝑑ψ,
𝑓 (T , Y (•)) =
𝑖=1

and the posterior distribution of these parameters can be written as
#
∫ ∫ "Ö
𝑁
mis
mis
obs
obs
obs
𝑓 (T𝑖 | ρ)𝑓 (Y𝑖 (•) | T𝑖 , 𝜓)𝑑Y𝑖 𝑑D𝑖
.
𝑝(ρ, ψ | Z , D , Y ) ∝ 𝑝(ρ, ψ)
𝑖=1

Let Ω(z, d) indicate the set of units that have Z𝑖 = z and D𝑖 = d. It is easy to show that for each
of these subsets, the above integration over the missing potential outcomes will be a mixture over
diﬀerent potential outcome distributions, with the compliance probabilities compatible with that z
and d as weights. Let 𝑔(z, d) ∈ T𝐾 be all of the compliance types such that D𝑖 (z) = d. Then, for
any particular combination z and d, we have
∫ ∫
𝑓 (T𝑖 | ρ)𝑓 (Y𝑖 (•) | T𝑖 , 𝜓)𝑑Y𝑖 mis 𝑑D𝑖mis =

Õ

𝜌t 𝑓 (𝑌𝑖obs | 𝜓z |t ).

t∈𝑔( z ,d)

Combining all the diﬀerent treatment assignment-uptake combinations, we can write the posterior
of the superpopulation parameters as
𝑝(ρ, ψ | Z

obs

,D

obs

,Y

obs

) ∝ 𝑝(ρ, ψ)

Ö Ö

Õ

𝜌t 𝑓 (𝑌𝑖obs | 𝜓z |t ).

z ,d 𝑖∈Ω( z ,d) t∈𝑔( z ,d)

To make inferences on these parameters, we take a data augmentation approach and instead investigate the joint posterior of (ρ, ψ) and T𝑖 . Computationally, we do this through a Gibbs sampler,
iteratively drawing from two distributions:
1. 𝑝(T𝑖 | Z obs , D obs , Y obs , ρ, ψ) for all 𝑖;
2. 𝑝(ρ, ψ | Z obs , D obs , Y obs , T𝑖 ).
The compliance statuses for a unit with Z𝑖 = z and D𝑖 = d can be drawn from a multinomial
distribution with probabilities
P(T𝑖 = t | Z

obs

,D

obs

,Y

obs

, ρ, ψ)) = Í
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𝜌t 𝑓 (𝑌𝑖obs | 𝜓z |t )
obs
t∈𝑔( z ,d) 𝜌t 𝑓 (𝑌𝑖

.
| 𝜓z | t )

With a Dirichlet conjugate prior for the compliance probabilities and these draws of compliance types,
one can draw the ρ from a standard multinomial distribution. Finally, the distribution parameters,
ψ, can be obtained from standard posterior update steps within compliance types if typical conjugate priors are used. For example, if the outcome is binary, one could use a binomial model for the
outcome, in which case the 𝜓z |t would be response probabilities and a Beta prior distribution would
lead to a simple update step.
One advantage of the Bayesian approach is that it is relatively straightforward to weaken the
instrumental variable assumptions and still conduct valid inference on various quantities of interest.
For example, Imbens and Rubin (1997) applied these techniques to the single-factor case and analyzed
the posterior distribution of the complier average treatment eﬀect in situations where the exclusion
restriction holds and does not hold. This type of analysis could be extended to this setting for both
the outcome and treatment exclusion restrictions.

D

Simulation Evidence

We conducted simulations to address the performance of our MCAFE and PCAFE estimators and
conﬁdence building methods under diﬀerent scenarios. We focus on a simple 2 × 2 factorial experiment. In the simulations we varied the probability of being a perfect complier (0.05, 0.1, 0.2, 0.5,
0.75) and the probability of being treated on the ﬁrst factor (0.25, 0.5, 0.75). For the second factor we
kept the treatment probability at 0.5. We also varied the the correlation of potential outcomes (0, 0.5,
1), but this was found to not substantially change the comparison of the methods so we only show
results for correlation of 0.5, for simplicity. We ran two versions of the simulation, one for the ﬁnite
population and one for the superpopulation settings. For each setting, we had a sample size of 1000
units.
To generate potential outcomes, ﬁrst compliance type was drawn with probability 𝑝 of being a
perfect complier and probability (1 − 𝑝)/8 of all other compliance types. Compliance type then determines the treatment uptake potential outcomes for each unit. For the ﬁnite population simulation,
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the probabilities for each compliance type were drawn exactly for the sample. For the superpopulation simulation, compliance type for each sample was drawn from a multinomial distribution, with
appropriate probabilities, for each type.
Once compliance type for each unit in the sample is set, the potential outcomes were drawn
according to a distribution speciﬁc to that compliance type. In general, the potential outcomes were
drawn independently for each unit from a multivariate normal distribution with means speciﬁc to the
unit’s compliance type as given in Table SM.1, marginal variance of 1, and correlation of 0.5 between
potential outcomes. The means were chosen such that the compliers had the following properties:
𝐸[𝑌𝑖 (−1, −1) | T𝑖 = 𝑐𝑐] = 0,

sp

𝛾 1 = 1,

sp

𝛾 2 = 2,

sp

𝛾 3 = −1.

We then assumed being an always-taker on one factor increased the potential outcome when not
assigned to treatment for that factor but decreased the treatment eﬀect of the other factor (if the unit
was a complier on that factor). For never-takers on one factor, we assumed that the treatment eﬀect
for the other factor (if the unit was a complier on that factor) was increased. For the ﬁnite population
simulation these potential outcomes were drawn once and drawn such that the empirical distribution
matched this “population” distribution. For the superpopulation simulation the potential outcomes
were redrawn on each run without this empirical criteria.
Compliance type
cc
ca
cn
ac
aa
an
nc
na
nn

z = (−1, −1)
0
1
0
1
1
1
0
1
0

z = (−1, +1)
3
1
0
2.5
1
1
3
1
0

z = (+1, −1)
2
1.5
2
1
1
1
0
1
0

z = (+1, +1)
3
1.5
2
2.5
1
1
3
1
0

Table SM.1: Superpopulation expectations of potential outcomes by treatment assignment and compliance
type.

Each scenario was run 2000 times and the performance of PCAFE and MCAFE estimators, as
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well as the two versions of obtaining conﬁdence intervals, were compared. Figures SM.3 and SM.4
show the coverage of the diﬀerent intervals under the ﬁnite-population and superpopulation models, respectively. We see that the standard method for creating conﬁdence intervals tends to be more
conservative than the Fieller method, as expected, especially for the PCAFE, where we are estimating eﬀects for a smaller proportion of the data. It is interesting to note that this is true in the ﬁnite
population and superpopulation. Also as expected, we see more conservative intervals for the ﬁnitepopulation than the superpopulation. We see the conservativeness reduced as the proportion of compliers increases but it is not not linear in compliance probability. Rather, the conservativeness seems
to reach a minimum around 0.5 in both the ﬁnite-population and superpopulation results.
Figures SM.3 and SM.4 show the median interval length for the diﬀerent methods under the
ﬁnite-population and superpopulation models, respectively. For the MCAFEs, both methods of interval creation perform very similarly, with the points overlapping across the board. For the PCAFEs
we see that both methods have very large median interval lengths when there is a small compliance
probability, Fieller’s method being even more extreme.
Based on the simulation results, we see a beneﬁt of using Fieller’s method of interval construction for the PCAFEs when there is a low compliance probability, in terms of reducing overcoverage.
However, this reduced overcoverage may came at the, somewhat paradoxical, cost of having even
more large, non-informative intervals. In terms of MCAFEs, both methods perform similarly though
Fieller’s method may reduce overcoverage a little.

E

Additional Results for Empirical Applications

In the main text, we reported the MCAFEs and PCAFEs for the CBT experiment using the deﬁnition
of compliance used by Blattman, Jamison, and Sheridan (2017), which was that the respondent attended more than 19 classes of the CBT treatment, or 80% of classes. One downside to this deﬁnition
of compliance is that it makes the outcome exclusion restriction perhaps diﬃcult to maintain. This
is because the outcome exclusion restriction would imply that, for example, being assigned to CBT
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Coverage for main effect of factor 1

Figure SM.3: Finite population results for coverage of the ﬁrst factor using the standard and Fieller methods
for building conﬁdence intervals.
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Figure SM.4: Superpopulation results for coverage of the ﬁrst factor using the standard and Fieller methods for
building conﬁdence intervals.

and attending 18 classes has the same eﬀect as not being assigned to CBT at all, for all individuals. To
guard against this potential issue, we now present results under a diﬀerent measure of compliance:
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Median interval length for factor 1
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Figure SM.5: Finite population results for interval length of the ﬁrst factor using the standard and Fieller methods for building conﬁdence intervals.
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Figure SM.6: Superpopulation results for interval length of the ﬁrst factor using the standard and Fieller methods for building conﬁdence intervals.

whether or not the participant attended any CBT sessions. As one might expect, this vastly increases
the marginal compliance rate with CBT to 0.959 and improves the perfect compliance rate to 0.954.
46

Given these improvements to the compliance rates, we should expect that there would be very little variation between the ITTs, the MCAFEs, and the PCAFEs. Figure SM.7 show the results, which
are very consistent with this expectation. There are minor variations between the MCAFEs and the
PCAFEs, but they are considerably more muted compared to the 80% deﬁnition of compliance.
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Figure SM.7: Results of the Blattman, Jamison, and Sheridan (2017) replication using “attended any CBT sessions” as the treatment uptake deﬁnition.

Of course, this alternative deﬁnition of treatment uptake has its own problems. In particular,
attending only a few sessions may provide extremely little beneﬁt and so somewhat nulliﬁes the goals
of an instrumental variable analysis in this setting. A more accurate representation for this setting may
be that we have a 2 × 2 factorial experiment for assignment, but a continuous variable for treatment
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uptake on one of the factors. It would be interesting to extend the theoretical developments of this
paper to this setting of fractional compliance in future work.
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