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Abstract

Experiments are vital for assessing causal effects, but their high cost often leads to small, sub-
optimal sample sizes. We show how a particular experimental design—the Neyman allocation—
can lead to more efficient experiments, achieving similar levels of statistical power as traditional
designs with significantly fewer units. This design relies on unknown variances, and so previous
work has proposed what we call the batch adaptive Neyman allocation (BANA) design that uses
an initial pilot study to approximate the optimal Neyman allocation for a second larger batch.
We extend BANA to multiarm experiments common in political science, derive an unbiased es-
timator for the design, and show how to perform inference in this setting. Simulations verify
that the design’s advantages are most apparent when the outcome variance differs by treatment
conditions. Finally, we review the heteroskedasticity of recent experimental studies and find that
political scientists using BANA could achieve sample size savings of 15-30%.
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1 Introduction

Experimental studies are a valuable, if costly, tool for researchers in the social sciences. The some-
times enormous costs of recruiting participants, implementing the treatments, and measuring out-
comes often force researchers to compromise statistical power by keeping their sample sizes small.
Researchers can improve the efficiency of their statistical estimates in the design of their experi-
ment by using tools such as blocking (Fisher, 1935; Imai, King and Stuart, 2008; Pashley and Miratrix,
2022), but these tools are often infeasible because they require covariate measurement before random-
ization. Within-subjects designs that measure the outcome pre- and post-treatment can also make
experiments more powerful but require panel data on respondents and can suffer from differential
attrition.

We focus on an overlooked aspect of experimental design that can increase statistical efficiency:
the relative allocation of treatment. The literature on experimental design in statistics has long known
that researchers can achieve higher statistical power by implementing an optimal design known as
the Neyman allocation that assigns more units to treatment arms that have outcomes with higher
variances. Unfortunately, this optimal design is infeasible because it depends on unknown outcome
variances; to address this, scholars have proposed using an initial pilot batch to estimate the opti-
mal Neyman allocation in future batches (Robbins, 1952; Hahn, Hirano and Karlan, 2011). This paper
studies the properties of this design, which we call the batch adaptive Neyman allocation (BANA) de-
sign, and shows how researchers can leverage the Neyman allocation to make their experiments more
efficient, sometimes vastly so.

Our paper makes five contributions to the study of adaptive experimental designs in political
science. First, we derive the finite-sample relative efficiency of the Neyman allocation compared to
the traditional uniform allocation, allowing researchers to understand when the Neyman allocation
is likely to improve their designs. In short, the Neyman allocation will be more efficient when the

outcome is more heteroskedastic across treatment conditions. Second, we extend the BANA de-



sign in the potential outcome framework beyond the binary treatment setting to allow for multiarm
studies common in the social sciences. Third, we find that BANA performs poorly with rare binary
outcomes and develop a shrinkage estimator for the optimal allocation weights that vastly improves
finite-sample performance. Fourth, we show how to perform inference for this design, using a stan-
dard stratified difference-in-means estimator that is unbiased for the average treatment effect in spite
of the adaptive design. Our inference methods are valid in finite samples and do not rely on asymp-
totic results, which may not be reasonable for many experiments. Finally, through simulations and a
literature review, we show that researchers in the political science could gain up to 15-30% improve-
ments in relatively efficiency in their main batches using the BANA design.

Adaptive experimental designs have been widely used throughout the sciences and are especially
popular in commercial contexts (for a review focused on political science, see Offer-Westort, Coppock
and Green, 2021). The BANA design differs from common adaptive designs like the multi-armed
bandit (Berry and Fristedt, 1985) in optimizing the efficiency of the experiment rather than attempting
to maximize the average outcome. The latter is often very useful for commercial or medical settings
where researchers might be interested in which ad causes the highest engagement or which drug
produces the best patient outcome. But finding the optimal treatment arm is often less relevant in
the context of social science research, where the precise estimation of causal contrasts is often more
important than identifying the best performing arm. Additionally, we recommend a small number
of batches—usually just two—to make the implementation of the design much simpler than real-
time adaptive designs that update the treatment allocation for each new unit. This allows a broader
application of the design with standard commercial survey administration platforms. Furthermore,
researchers can leverage the small pilot studies they are already running to implement the BANA
design, making its incorporation into experimental design straightforward. Another difference with
the bandit literature is that, as we show below, the batching nature of the design means that we can
use standard estimators for stratified randomized experiments viewing the batches as strata.

The paper proceeds as follows. Section 2 reviews the literature on adaptive experimental designs.



In Section 3, we describe the basic setting and derive the relative efficiency of the Neyman allocation
compare to the uniform. In Section 4, we introduce the BANA estimator, derive its statistical prop-
erties, and develop a modified version of the approach with binary outcomes. We present simulation
evidence for the usefulness of the design in Section 5. Section 6 presents a meta-analysis of several
recent experimental papers in political science and how much a BANA design, if conducted, might
have improved the efficiency of the experiment. Finally, in Section 7, we provide practical advice
on using adaptive designs for social scientists, and in Section 8, we end with directions for future

research.

2 A Review of Adaptive Experimental Designs

Neyman (1934) was the first to observe optimal sampling designs, focusing on randomly sampling
from a population of strata, where the goal is to estimate the mean of a variable in the population.
Neyman found that the optimal proportion to allocate to a particular stratum was proportional to the
standard deviation of the variable of interest in that stratum. Soon after, Sukhatme (1935) evaluated a
scheme where a small sample was taken first and then used to estimate the population variances and
thus the optimal design. Sukhatme (1935) approximated the distribution of the estimated variances
under a normality assumption to determine how likely this pilot study approach would be to out-
perform a uniform allocation. Solomon and Zacks (1970) provides a comprehensive overview of the
literature on optimal sampling designs from both the finite-sample and Bayesian perspectives. More
recently, Melfi, Page and Geraldes (2001) and Hu and Zhang (2004) proposed analyses of two-arm and
multi-arm adaptive designs that are continuously updated throughout the experiment rather than
batched like ours, and Rosenman and Owen (2021) shows how one might use an observational study
to inform the optimal Neyman allocation in a follow-up stratified randomized experiment. Dimmery
(2019) proposes a similar design to ours that allows researchers to avoid explicitly incorporating the
design into the analysis, but requires several additional assumptions that we side-step by explicitly

adjusting for the design through stratification.



A more recent literature has investigated how two-batch designs can be used to find optimal
stratification based on covariates (Cytrynbaum, 2021; Tabord-Meehan, 2021; Armstrong, 2022). These
techniques are ideal when covariate information will be available at the time of randomization, but
this often is not the case for political science experiments. Tabord-Meehan (2021) proposes to stratify
(that is, partition) the (continuous) covariate space and selects the treatment allocations within those
strata that will optimize the variance of an inverse-probability weighting estimator of the ATE. The
optimal stratification tree is found using an optimization routine on the first-batch data. Cytrynbaum
(2021) proposes a similar strategy that first creates “local groups” based on a discretized version of the
estimated optimal propensity score and then formulated matched strata within these local groups
based on covariates. Randomization then occurs within these strata.

Inference in adaptive designs has been a challenge because adaptivity creates dependence across
outcomes and propensity scores moving arbitrarily close to zero can lead to non-normal asymptotic
distributions. Some authors have set asymptotic normality aside in favor of finite-sample bounds us-
ing martingale concentration inequalities (Howard et al., 2021) while others have modified augmented
inverse probability weighting estimators to stabilize the asymptotic distribution and regain normal-
ity (Hadad et al., 2021). Our clipping of the propensity scores in the second batch helps to avoid these
issues at the expense of moving away from the optimal design when the heteroskedasticity is extreme.

Zhang, Janson and Murphy (2020) develop a batched ordinary least squares approach, very similar
to our proposed estimator and shows that when the estimator is stratified by batch, the asymptotic
distribution of the treatment effect estimator is consistent and asymptotically normal. Their setting
is slightly different from ours in that they focus on the case where the sample sizes are constant across
batches and Bernoulli randomization is used to assign treatment within batches, whereas we focus on
a small first batch and complete randomization within batches. In addition, they make a conditional

homoskedasticity assumption that makes it difficult to apply to our setting.



3 Setting and Background

We consider an experiment on unitsi € {1,...,N}. Let D; € {0, 1,...,J} be the treatment assigned
to unit i and Y;(d) be the potential outcome for unit i when D; = d. We take a finite-sample per-
spective and consider these potential outcomes as fixed and we make the usual SUTVA assumption
(Rubin, 1980) that the observed outcome Y; = Y;(D;). We define the sample average and variances of
these potential outcomes as

-1
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where the targets of inference are the sample average treatment effects, 7(d,d’) = Y (d) — Y (d').

Once treatment has been assigned, we can calculate the sample outcome means in each arm as

P (&) = N7 31D, = Y.
i=1
where Ny is the number of units in arm d. The difference in means estimators for the sample average
treatment effects are 7(d, d’) = ?Obs(d) - ?Obs(d’).
To highlight how the experimental design can impact the efficiency of an experiment, we explore

two different randomization allocations for a single batch. First, the uniform allocation assigns the

same number of units, Ny = N /(J + 1) units, to each of the treatment arms so that

7u(d) = P(D; = d) = J%

The second strategy is the Neyman allocation (Neyman, 1934; Cochran, 1977) which allocates in pro-

portion to the standard deviation of the potential outcomes under each arm,

S(d)
=0SG)

This Neyman allocation minimizes the average of the variances of the sample outcome means in

Tna(d) = B(D; = d) =

—obs . e .. .
each treatment arm, (J + 1)~! §=0 V[Y (d)], which also minimizes the average variance across

all possible treatment effect contrasts 7(d, d’).



We can compare the variance of the difference in means estimator under the two proposed al-
locations, letting V,,[-] be the finite-sample variance under the uniform allocation and V4[] be
the finite-sample variance under the Neyman allocation. For simplicity of exposition, we focus on
the binary treatment case under complete randomization where we can assign the exact number of

optimal units. Letting 7; = 7(1, 0), the variances in this setting are

2 20 _ Q2
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where S?(1,0) = (N -1)7! Ji\il {Yi(l) ~Y;(0) — (Y (1) - ?(0))}2 is the variance in the treatment
effect across units (see, e.g., Imbens and Rubin, 2015). It is easy to show that V,[T1] — Ve [T1] =
N~1(S(1) — §(0))®> > 0 with equality only holding when S(1) = S(0) which is exactly when the
Neyman allocation and the uniform allocation are the same. Thus, the Neyman allocation will lead
to a more efficient estimator of the sample average treatment effect unless there is homoskedasticity
across treatment arms.

How much more efficient is the Neyman allocation? We can answer this with the relative effi-
ciency of the Neyman allocation, V,,4[T1]/ V4 [T1], which is a scale-free measure of how many fewer
units the Neyman allocation requires compared to the uniform allocation to achieve the same vari-
ance. This relative efficiency depends on both the degree of heteroskedasticity, as measured by the
treatment-control ratio of standard deviations, § = S(1)/S(0), and the (unidentified) correlation
between the potential outcomes, p. We show in the Supplemental Materials that we can write the

relative efficiency as
Vna[fl:l] — 25(1 +P)
Vult1] 1+82+28p°

(1)

As heteroskedasticity across treatment conditions increases (§ moves away from 1), the Neyman allo-
cation becomes more efficient than the uniform. For example, if the variance in the treated group is
twice that of the control group and the potential outcomes are uncorrelated, we could use 20% fewer
observations in a Neyman allocation compared to a uniform allocation to achieve the same variance.

If the potential outcomes are correlated, this comparison will change but even with a correlation of



0.5, the Neyman allocation would require 14% fewer observations. Generally, we should expect vari-
ances will differ between treatment arms when treatment effects differ across units, and thus that is
when we should expect Neyman allocation to be advantageous.

Of course, the optimality of the Neyman allocation requires knowledge of the true variance of
the potential outcomes in each arm, so below we consider a batch adaptive design that allows us to

leverage the Neyman allocation without sacrificing sample size.

3.1 Control-augmented Neyman Allocation

The above derivation of the Neyman allocation assumes that we care about all treatment arm com-
parisons equally, including those between active treatments. When our interest is focused more on
minimizing the variance of treatment effect (compared to the control condition, D; = 0), then we need
a slightly different allocation. In that case the allocation that minimizes the average variance weights
more heavily the control group to acknowledge its role in all of the effect comparisons. Following
Offer-Westort, Coppock and Green (2021), we call this a control-augmented Neyman allocation and
its allocation is

VIS (0)
VIS(0) + 27, S(j)

_ S(j)
VTS(0) + 2%, S()

Tea(0) = ca(d) ford e {1,...,J}.

We show the derivation of this result in the Supplemental Materials. This allocation highlights how
the uniform allocation may be inefficient in multi-arm studies where the objects of inference are all
comparisons to a control group. In those cases, even if there is no heteroskedasticity across treatment
conditions, there is still an efficiency advantage to allocating more units to control than to the other
conditions. The above result implies that even with just two treatment arms and a control arm, if the
variances are all (roughly) equal, the control arm should have roughly 40% more units than either of
the other two arms to reach maximum efficiency.

Of course, it is not always clear that comparisons to control are the only object of interest in

multi-arm studies. Scholars may use such comparisons as a basis for comparing different treatments,



but will often go on to compare different treatment arms directly to see if one has a statistically sig-

nificantly higher outcome than another. In those cases, the Neyman allocation may still be desirable.

4 The BANA Design

We now describe the BANA design, first proposed by Robbins (1952) though that discussion is rather
informal. Hahn, Hirano and Karlan (2011) formalized the design for the binary treatment case un-
der a superpopulation approach and we extend this to multi-arm experiments and focus on a finite-
population setting. The BANA design splits our units into two batches {1, ..., Ny} and {N;+1,...,N},
where N, = N — Nj. In the first batch, we perform a completely randomized design with uniform al-
location so that N1 = N1 /(J + 1) units are allocated to treatment arm d. From this arm, we estimate

the variances of the outcome in each arm as

N;

() = 3 2 D= ) (%= (@)
i=1

—ob
where Y(l) S(d) is the average outcome in the D; = d group in the first batch. We use these estimated
variances to estimate the Neyman allocation proportions,

Fra(d) = 2D
=051 ()

which we then use for the treatment assignment in the second batch. With a Bernoulli randomized de-

sign, we can simply draw D; as an i.i.d. categorical variable with probability vector (77,4 (0), ..., Tna(J)).

With a completely randomized design we have to choose the (integer) allocation of units that best ap-

proximates those proportions:

J J
arg min Z|n2j—Nzﬁna(j)|, such that n,; € {Q,...,NZ—QXJ},anj =N, (2)
(n20,-5127) =0 j=0

where we use the lower case for 1, because these allocation numbers are functions of the treatment

assignment in the first batch and are therefore random, even in the finite sample setting. Here, we have



allowed for a minimum number of units that can be allocated to a given arm, Q."' This can be helpful
in the extremely rare cases where there is extreme in-sample heteroskedasticity across treatment
arms in the first batch that would imply that very few (or no) observations be assigned to one of the
arms. Several fast algorithms exist for solving this optimization routine exist such as Friedrich et al.
(2015) (see Ravichandran et al., 2023, who use these integer optimizations in this setting), but it is also
possible to use a crude rounding approximation. Once we complete the second batch, we observe the

outcomes as

N
—obs 1
v, (d)=— ) LD =dY.
nZd i=N+1

The adaptive nature of the BANA designs creates dependence between units, complicating the
analysis of the experiment. Naively combining both batches and analyzing them as a single experi-
ment is problematic because treatment assignment for some units (those in the second batch) depends
on the realized outcomes of other units (those in the first batch). Alternatively, we could drop the first
batch entirely and only analyze the second batch conditional on the first batch, but this sacrifices sta-
tistical power.

A better way to analyze the BANA design without bias while maximizing statistical power is to
treat it as a stratified randomized design where the batch is the stratifying variable (Zhang, Janson

—obs —obs

and Murphy, 2020). Let 7p(d,d’) =Y, (d) =Y}, (d’) be the estimated treatment effect in batch b

and define the usual stratified estimator as

N,

o N\
75(d,d’) = (NlTlNz) Tl(d,d)"‘(m

)?2<d, )

with variance estimator

= ’ N1 ZA -~ ’ N2 ZA o~ ’
TR D) = () TRE@OL (o) TR

where i\fb [-] are the usual conservative Neyman variance estimators within each batch:

2 204" 2 2(4
si(d)  si(d) T Edd)] = $@  sd)
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*While we focus on a completely randomized design, these ideas can be straightforwardly generalized to a stratified
randomized design.
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In the Supplemental Materials we show that this variance estimator is unbiased when treatment ef-
fects are constant and conservative for the true variance otherwise.”

Finally, we note that while we focus on the case of just two batches, it would be easy to extend this
to larger numbers of batches that allow better estimation of the optimal allocation. Our simulation
results below, however, indicate that we can obtain much of the benefit of the optimal design with a

relatively small first batch, calling into question the need for further batches.

4.1 BANA with Binary Outcomes

Using the BANA design with a binary outcome variable presents a unique challenge due to the de-
pendence between the mean and variance of Bernoulli random variables. In particular, when initial
batch sizes are small and probabilities of success, P(Y; = 1), are near zero or one, large finite-sample
errors in estimating the means in each condition can lead to highly variable estimates of the weights
for the second batch. These unstable estimates of the weights can produce second-batch treatment
allocations that perform worse than the uniform allocation.?

To address this issue in the binary outcome case, we adopt an empirical Bayesian approach that
flexibly shrinks the weights toward the uniform allocation. Typically, we would estimate the standard
deviations of each arm with the usual sample standard deviation estimator. We instead adjust this
estimator by shrinking toward the grand outcome mean across all conditions, ﬁgrand =N, 1 Zﬁll Y;.

In particular, we estimate the standard deviation using proportions that are shrunk toward the grand

mean,
Na - _
s1(d) = [~ Pa(d) (1 = Pa(d)).
d—
where
—~ _ A —~ Nld —obs
p/l(d) = (Nld +/‘l) Dgrand t (Nld +l) Y] (d)’

*With a completely randomized experiment and a binary treatment, our stratification estimator is equivalent to the
weighting estimator of Hahn, Hirano and Karlan (2011).
3See the simulation section for more on this problem.
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where the A parameter captures how much we shrink toward the grand mean. This shrinkage propor-
tion estimator p,(d) adds A artificial observations to each treatment arm that have outcomes exactly
at the overall mean, ﬁgrand. The higher the value of 4, the closer the shrinkage estimator will be to
the grand mean. We can then plug these estimates of the standard deviations into the formula for the

Neyman weights 7,4 (d) given above.4

4.2 Randomization Inference for the BANA Design

One can use the variance estimator above to construct confidence intervals using the usual large-
sample normal approximation (which works well in our simulations), but we can also leverage the
design to implement a randomization inference approach that is valid for all sample sizes. Focusing
on the binary treatment setting, we now describe a method for inference on the BANA design that

leverages randomization inference under a sharp null hypothesis,
Ho : Yi(1) =Yi(0) Vi,

which can be easily generalized to the multi-arm setting. Under this sharp null, the treatment has no
effect for any unit and the optimal design is thus the uniform allocation.

There are two possible ways to conduct randomization inference in this setting. The simplest is to
condition on the first-batch data and perform a standard permutation test on the second batch which
obviously will have lower power due to the omission of the first-batch data. The second approach is
to replicate both stages of the randomization procedure repeatedly. Specifically, repeat the following

steps forr =1,...,R:

1. Use complete randomization to assign Nj; units from the first batch to treatment (5“ =1)

and N to control (5” =0).

4This shrinkage estimator for the group means that we plug into the weights is also an empirical Bayes estimator. In
particular, we model the data, 3, p,—qi<n, Yi, as distributed Binomial(N14, pg) and place a prior distribution over the
success probability as pg ~ Beta(a, 8), where & = Pgranad and 8 = (1 — Pgrana)A.

12



2. Calculate the observed mean and standard deviation of the treated and control group
_ 1 N 1 Nio _ 2
YR (d) = N Z I(Diy = d)Y;, 51,(d) = Na—1 Z I(Diy =d) (Yi - Yﬁ‘r’s(d)) :
i=1 i=1
3. Calculate the estimated optimal allocation 7,4 r(d) = 51,(d)/(s1.,(1) +51,(0)) and conduct

a complete randomization assigning M1, = |[N>7Tpqr(d)] units from the second batch to

treatment and 1,9, = N, — 1,1 » to control.

4. Calculate the observed mean of the second batch, ?zofs(d) and estimated treatment effect
— N1\ (= = N>\ (= ~
7= (o T - T+ (2 {Trom - B}
N N
5. Use the estimated treatment effect to calculate a test statistic, 7~}

We can then compare the observed value of the test statistic in the data, T, with the randomization
distribution of the test statistic ;. We can calculate a p-value for the sharp null hypothesis in the usual
way by + ¥* (T > T).

It is also possible to formulate confidence intervals for the estimated effect by considering a grid of
sharp null hypotheses all assuming a constant treatment effect. Under each of these null hypotheses,
we can determine all of the missing potential outcomes and we simply modify the above algorithm
to use these imputed potential outcomes rather than the observed outcomes. Then, we can find the
set of null hypotheses that cannot be rejected at level & to form a (1 — ) X 100 percent confidence
interval?

Finally, in the above procedure, we fix the units that belong to the first and second batch, rather
than allowing, for example, unit 1 to be potentially assigned to the first or second batch. This is
likely consistent with most empirical designs where the researcher has control over what treatment
assignment each unit receives but not who is in the first or second batch. If the units across batches
are exchangeable (possibly because the batching was randomly assigned), one could modify the above

procedure to allow for units to be assigned either to the first or second batch.

SThese types of randomization-inference-based intervals are sometimes referred to as Fisher intervals.
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5 Simulation Studies

We now present a pair of simulation studies that illustrate the advantages of the BANA design with a
binary treatment. We simulate experiments with Gaussian outcomes and binary outcomes separately
to compare the performance of the BANA design in both the continuous and discrete outcome cases.

Regardless of the type of outcome, we simulate three different treatment allocation schemes. The
first is a simple uniform allocation of all respondents equally to treatment and control. The second
is the BANA design described above. The third allocation scheme is the BANA design with oracle
Neyman allocation, using the true standard deviation of the outcome in the treatment and control
conditions. Note that the oracle Neyman allocation is infeasible but the theoretical best. The BANA
design is our best approximation of this infeasible oracle. Comparing BANA to the oracle allows us
to observe how much noise the estimation of variance introduces into estimates of the ATE. Com-
paring the oracle to the uniform allows us to observe how much potential gains we can get if we use
adaptive designs. All three allocation schemes use complete randomization within batches. We set
the minimum number of units that can be allocated to a given treatment arm to Q = 2, allowing us

to estimate variance within each experimental arm.

5.1 Gaussian Outcome

The data generating process (DGP) for the simulations with a Gaussian outcome, regardless of type

of treatment assignment, draws the potential outcomes as
Yi(0) ~ N(0,07), Yi(1) ~ N(0.1,0}),

foralli € {1,...,N}. We define the observed outcome as Y; = D;Y;(1) + (1 — D;)Y;(0) where
D; indicates treatment for unit i. This DGP has an ATE of 0.1 but individual-level treatment effect
heterogeneity.

For each allocation scheme, we vary the ratio of o; to o, from 0.05 to 1, which controls the het-

eroskedasticity across treatment conditions. At ratios closer to zero, the outcome under treatment
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is much less variable than under control, and at ratios closer to one the variance of the outcome be-
comes more similar. The performance of the BANA design does not depend on which treatment arm
has the higher variance (since the Neyman allocation treats all arms equivalently) so we focus on the
values of the ratio between zero and one (i.e., higher variance under control). Importantly, while we
vary the relative variability of the outcomes in each of the conditions, we hold the overall variability
of the outcomes across conditions constant at ¢ = 1. We also vary the initial batch size (IN1) over the
values {10, 25, 50} to investigate how estimation uncertainty from the initial batch could affect our
inferences, though we present a wider variety of batch and sample sizes in the Supplemental Mate-
rials. For each combination of parameters, we draw R = 30, 000 iterations, redrawing the potential
outcomes and assigning treatment in each replication. Using the simulated data, we estimate the ATE
and its standard error with the stratified estimators defined above. These simulations are based on
a superpopulation approach, which we can view as approximating the average performance of the
estimators across finite samples. In particular, in each simulation new potential outcomes are drawn
and treatment is reassigned. Root mean squared error (RMSE) and coverage are taken with respect
to the “superpopulation” parameters that generate potential outcomes.

Our main comparison between allocation schemes is made in terms of power to detect the true
ATE. Specifically, since power is P(reject Hy | H; is true) and we have constructed H; to be true, we
simply calculate the proportion of estimates for which p < .05 using a t-test under the large-sample
normal approximation. We also calculate root mean squared error (RMSE) and 95% confidence in-
terval coverage probabilities under each allocation scheme.

Figure 1 presents the results of this simulation. Beginning with statistical power in panel a), we
see that the BANA design has higher power than a uniform design when the variance of the outcome
is very different across conditions. When using a very small initial batch (N7 = 10), BANA under-
performs both the oracle counterpart and the uniform allocation because estimation error leads to
inefficient allocation of units. However, we only need a slightly larger initial batch to combat this

problem—when using a still very modest initial batch size of N; = 25, BANA does about at least as
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Figure 1: Gaussian outcome simulation results. N = 400, R = 30,000. Horizontal panels differ by the size
of the first batch. The x-axis displays the ratio of the standard deviations of the outcome in the treatment
and control conditions, but note that overall variability of the outcome is constant. Colors indicate allocation
scheme. The outcomes are a) power to detect the treatment effect, b) root mean squared error, and ¢) 95% CI
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well as both the oracle and uniform designs at any level of similarity between the variances. With an
even larger initial batch size (N7 = 50) this pattern continues, but power dips down at lower levels of
similarity. This is caused by the fact that an increasing proportion of the units used in estimating the
ATE are being allocated inefficiently in the initial batch, leading the power curves to be more similar
across allocation types.

A similar pattern can be observed in Figure 1(b) with RMSE. Again, we see BANA performing at
least as well as the uniform design except for at larger ratios in the smallest initial batch size (INy =
10). Initial batch sizes of 25 and 50 produce very similar results. Lastly, panel c¢) shows that all the
allocation strategies have roughly nominal coverage of the 95% confidence intervals.

Based on these results, we recommend an initial batch size of at least 25—50 units. For studies with
larger total sample sizes, the researcher may be willing to allocate more units to the first stage to aid
in estimation of the Neyman probabilities, but very little efficiency is gained by using more than 50
units in the initial batch. Figure SM.7 in the Supplemental Materials shows simulation results on a
wider array of first and second batch sizes and Figure SM.8 shows the same results but using only the
second batch for estimation, both of which suggest similar conclusions. We note, however, that the
simulations are not exhaustive and different data generating mechanisms may lead to different batch
size recommendations. Furthermore, our results show that a uniform allocation in the second batch

is a reasonable approach when the heteroskedasticity is not too severe.

5.2 Binary Outcome
In the binary simulation case we use the following DGP:
Y;(0) ~ Bern(po), Yi(1) ~ Bern(po + 0.1),

foralli € {1,..., N} where the observed outcome is defined as above. We control average probabil-
ities of success in each experimental condition, and these also determine variability of the outcome.
Specifically, we vary po from 0.05 to 0.4 with a constant treatment effect of 0.1, meaning the prob-

ability of success under treatment varies from o0.15 to o.5. Since the variance of a Bernoulli random
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variable is maximized at 0.5 and the BANA design is agnostic to which condition is more variable, we
can safely ignore success probabilities between 0.5 and 1 in these simulations. Because the outcome
variance is tied to the probability of success, the overall variability cannot be held constant if the effect
size is also held constant, in contrast to the Gaussian simulations.

Importantly, as described in Section 4.1, we add a number of artificial observations equal to the
grand mean of the outcome to the treatment and control conditions in the first batch. This guards
against inefficient allocations caused by estimation error when the initial batch size is small or the
probability of success is extreme.

Additionally, we impose a minimum probability of allocation to treatment in the second batch of
0.1, ensuring that each condition is at least 10% of the overall batch size. This guards against cases in
which the variance of the outcome in one of the conditions is extremely small or zero, which occurs
regularly in small initial batch sizes with rare outcomes. This step is taken directly after estimating
the weights with artificial observations.

Asin the Gaussian simulations, we vary the initial batch size, this time over the values {50, 100, 200}.
Discussed in more detail later, the BANA design needs larger initial batch sizes to accurately estimate
variances in the binary case. For each combination of parameters, we draw R = 30, 000 iterations,
again redrawing the potential outcomes and assigning treatment in each replication. We estimate the
ATE and its standard error in exactly the same way as above.

Simulation results with a binary outcome are shown in Figure 2. We find much more modest
gains under these conditions, sometimes even resulting in allocations that are less efficient relative
to uniform when batch size and the probability of success are low.® This likely results because het-
eroskedasticity across experimental conditions is constrained by the fact that the outcome is binary
combined with difficulty estimating probabilities of success in low first-batch sizes with rare out-

comes. For context, the minimum standard deviation ratio is .05 in the Gaussian case, while the

®Note that this problem is significantly attenuated by the addition of observations equal to the grand mean before
calculating treatment allocation weights for the second batch. See Figures SM.5 and SM.6 to compare. While main results
in the Gaussian case are presented in terms of power, we use relative efficiency in the binary case to better visualize these
modest gains relative to simulation noise.
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Figure 2: Binary outcome simulation results. N = 1,000, R = 30, 000. Horizontal panels differ by the size of the
first batch and vertical panels differ by the effect size, informed by the meta-analysis below. The x-axis displays
the probability of success in the control condition; note that unlike the Gaussian case, total variability is not
constant. The y-axis displays the ratio of the standard error of the treatment effect in the Neyman case (either
oracle or estimated) to the uniform case. Colors indicate allocation scheme relative to uniform. Minimum
allocation to each condition in the second batch is set to .1 and five additional observations were added to each
condition in the first batch.

minimum ratio in the binary case is about .37. Still, we do find that experiments with large effect sizes

can save between 5 and 8% of their sample size using the BANA design.
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6 Meta-analysis

Simulations provide evidence that the BANA design can improve efficiency, but how do these simu-
lation compare with real studies? To gauge the potential for efficiency gains from the BANA method
in real studies, we collected or computed the variance of the outcome in each treatment arm in sev-
eral experimental studies published in top journals in political science. The studies, listed in Table 1,
span all substantive fields of political science and include both survey and field experiments. Table 1
shows the control standard deviation of the outcome and the standard deviation of the outcome in
the most variable treatment arm. We use the relative efficiency formula in (1) to compute the pro-
portional reduction in variation that would be obtained under a BANA design vs uniform allocation
in each study, assuming uncorrelated potential outcomes. Larger values indicate more savings under
BANA. This ratio also roughly approximates the reduction in sample size under the BANA design
to achieve the same precision on the estimate of the treatment effect, though we note that these re-
ductions only apply to the second batch. Further, these reductions are based on treating estimated
variance as the truth, and thus reflect gains in an oracle BANA design. We expect in practice to have
somewhat smaller gains due to the estimation of variance.

Importantly, we assume that every observation in each study could be allocated according to the
BANA design. Because our recommendation of initial batch size varies according to the type of study
design, we calculate expected savings as if each study listed had been previously informed by its own
pilot study from which outcome variances in each condition were estimated.

Results of the meta-analysis are shown in Table 1. We find that in most of the political science
experiments under consideration, treatment has only a small effect on the variance of the outcome,
leaving the BANA design with little leverage to improve upon the standard design. However, we also
find that improvements to precision from the BANA design can be considerable—researchers can
reduce the variance of the treatment effect estimate by 30% in some cases, leading to a comparable

reduction in the sample size needed to achieve a given amount of statistical power as well. These
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Study Control Treatment Variance Re- Type of Study

SD SD duction (%)

1 Siegel and Badaan (2020) 5.643 27.212 30.10 Six arm experiment
2 Vernby (2019)* 0.152 0.398 16.70 2x8 factorial

3 Eble et al. (2021) 14.2 22.3 4.70 Two arm experiment
4 DeVreese (2004) 0.88 0.6 3.50 Two arm experiment
5 Broockman (2013)* 0.5 0.359 2.60 Two arm experiment
6 Eggersetal. (2017)* 0.494 0.372 1.90 2x2 factorial

7 Goff et al. (2017) 3.34 2.57 1.70 Two arm experiment
8 Holman et al. (2016) 16.522 21.019 1.40 2x4 factorial

9 Simas and Murdoch (2020)  0.946 1.121 0.70 2x2 factorial

10 Faulkner et al. (2015) 0.68 0.59 0.50 Two arm experiment
11 Broockman and Kalla (2016) 1 114 0.40 Two arm experiment
12 Gerber et al. (2008)* 0.465 0.485 0.00 Five arm experiment
13 Gerber et al. (2003)* 0.486 0.492 0.00 2x4 factorial

Table 1: Estimated reduction of variance of selected experiments in political science. Variance reduction is
calculated with respect to the two most disparate experimental conditions in terms of variance and assumes
uncorrelated potential outcomes. Asterisks indicate studies with binary outcome variables, though note that
no artificial observations were added as in the simulations. Full citations in the Supplemental Materials.

improvements do not appear to be significantly related to the support of the outcome variable, be it
binary or otherwise, as indicated by the asterisks in Table 1. Thus, the BANA method has significant
potential for improving precision and, as shown by the simulation evidence, very little loss of power
when the uniform design is optimal and the initial batch is large enough. Recall that reduction in

variance is approximately proportional to reductions in necessary sample size (see Branson, Li and

Ding, 2022, for some sample size calculations for finite-population causal inference).

7 Practical advice

We now discuss advice for how and when practitioners can make the best use of adaptive designs,
and in particular BANA. First, in order for the BANA design to successfully reduce variance, the
treatment and the units in both the first and second batch need to be similar. Specifically, the variance
in each treatment arm needs to be the same or close between batches in order for the BANA design

to optimally allocate units into treatment and control in the second batch. Therefore, BANA may
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work best when run within a single experiment by splitting the sample into two batches, rather than
when using a prior study on a different population or with a set of treatments that are not precisely
the same as a first batch.

Second, a conservative approach to using BANA is to shrink the allocation probabilities towards
uniform assignment, especially in settings where the first and second batch may difter. We developed
one version of this approach for binary outcomes, but one could generalize this ideal to other types
of outcomes. By weighting towards uniform allocation, one can partially offset potential harm from
large changes in variance from batch to batch, for example if the first batch is temporally or spatially
distant to the second batch. The disadvantage of this approach is that it will reduce the potential
variance gains from using the BANA design.

Third, it is possible to extend the BANA approach to do multiple batches or to take an “online”
approach. Here, the researcher would update the weights sequentially through the multiple batches
as more data is collected. This may also help reduce dependence of the weights on an initial “poor”
batch that does not resemble later units. Dai, Gradu and Harshaw (2023) discuss one such adaptive
design and also implement adaptive constraints on how far the allocation probabilities can deviate
from uniform.

Fourth, researchers can implement BANA in a block randomized design by simply applying the
adaptive design within each block independently. Ravichandran et al. (2023) provide formal theory
on optimal allocation in block randomized designs. Batch adaptive Neyman allocation could be par-
ticularly advantageous with block randomized designs if heterogeneity varies from block to block.
For example, if there is a block of units who are all very homogeneous in terms of outcomes and
another block that is very heterogenous in terms of treatment effects, the BANA design could take
advantage of this to assign more uniform weights to the former compared to the latter.

Fifth, BANA will likely work best with continuous outcomes and should be used with some cau-
tion with binary outcomes. As demonstrated in our theoretical results and simulations, BANA can, in

theory, provide improvement over uniform in binary settings, but the improvement is limited due to
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constraints on the difference in variances in binary settings and the improvement may be erased by
estimation variability. Therefore, we recommend using BANA in binary settings only when a large
first batch can be used and the treatment effect is believed to be of reasonable size, which implies
larger difference in variances in the binary setting. Luckily, continuous settings do not have the same
constraints on the size of variance or variance being tied to means and treatment effect sizes. For bi-
nary settings in our simulations, we found a first batch size of at least 100-200 worked well whereas
for the continuous outcome simulation even a small batch size of 25 leads to BANA being close to the

true optimal allocation.

8 Conclusion

In this paper, we have shown how batch-adaptive experimental designs that leverage Neyman allo-
cation can lead to improved statistical efficiency. Our proposed design is purposefully simple so that
it can be implemented easily by practitioners, but there are more complex optimal designs that help
to address different criteria. A number of these complexities should be the topic of future research
in this area. In particular, incorporating the costs of recruitment into this analysis might provide an
optimality that balances statistical criteria with the ability to implement the design. Furthermore,
it would be beneficial for survey platforms to build this type of design into their products, allowing
researchers to conduct these studies without manually adjusting the treatment allocations.

Beyond the efficiency gains of the BANA design, there are additional advantages to fielding ex-
periments in batches. Pilot studies are already a common practice in experimental work, allowing
researchers to find potential problems in their study design before the final study is conducted. The
BANA design formalizes the use of the pilot study to inform the optimal design of the main study, but
the initial batch can also be used to make the usual changes to the design—clarify prompts, change

the measurement of variables, include additional moderating or mediating variables, and so on.
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Supplemental Materials (to appear online)

A Derivation of the Control-augmented Neyman Allocation

To show that control-augmented Neyman allocation is optimal, we set up the constrained optimiza-

tion problem

J . J
. S*(j) _ S*(0)
arg min Z (71'J—N + 70N S.t. 120 Tj= 1.

(7'[0,71'1 ,...,ﬂ]) j=1
The first order conditions of this optimization problem imply that for j > 0
7 SU)
o \IS(0)
The sum-to-one constraint implies further that

J

ﬂ.
To E —J =1- To,
= 7o

Yy G)
— Tp———=1-17
VIS(0)
which after rearranging yields,
VIS(0)
Ty = 7 -
VIS(0) + Zj:l S()

Substituting this into the first order conditions yields the remainder of the Neyman allocation.

B Proofs

B.1 Relative efficiency of the Neyman allocation

Define the finite sample correlation between the potential outcomes as

p= 1);(1)5(0)2{m(1) Y} {vi0) - T},

and note that we have S?(1,0) = S?(1) +5%(0) — 2pS(1)S(0) = S?(0)(1+ 6> — 28p). We can write
the relative efficiency as

Vna[Ti] _ {S() +S(O)}° -§7(1,0) _ {S(1) -0}
Vu[Ti]  2S%(1) +252(0) — S2(1,0)  2S2(1) +252(0) — S2(1,0)
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Substituting in S(1) = 6S5(0) yields,

Vna[T1] _ S*(0)(1+6)* = S*(0)(1 +8* - 26p)
Vu[Ti]  2S2(0)(1 +62) — S2(0)(1 + 82 — 28p)
_28(1+p)
C14+682+28p

The calculation under the superpopulation model differs slightly. Let o?(1) = VF[Y;(1)] and
a2(0) = VP[Y;(0)] be the (super)population variances of the potential outcomes, where we use V¥ to
denote the variance over both randomization and random sampling from the population. We define
the relative standard deviations similarly to the finite sample case as § = o(1)/0(0). Let V2 [7;]

and VE [T|] be the superpopulation variances of the estimators. Standard experimental design results

give
2 2 2.2 2
Vﬁ[?l] _ 2(o (1)1\-;-0' (0)) _ 2(6°c ((2,+a (O)),
2 2
VP 7] = (G(l);va(())) _ (50(0);0(0)) ‘

From this, we can see the superpopulation relative efficiency is

Vi[T1] _ (1+9)°
VE[m]  2(82+1)

B.2 Unbiasedness

In this section we prove the unbiasedness of the stratified treatment effect estimator and the conser-
vativeness of the stratified variance estimator (and unbiased under constant effects for the latter). For
the purposes of showing unbiasedness of Ty, is sufficient to show that ?gbs(d) is unbiased for Y, (d)
because ??bs(d) is unbiased for Y; (d) for all d by standard results on experimental design. We focus
here on the case with a completely randomized design and take a finite population point of view so

that the only source of randomness comes from the treatment assignment. Let D; = (Dy,...,Dy,)
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be the realized assignments in the first batch. Then using the law of iterated expectations we have:

Nz [
E[7" @] = ) v@E| 1= a)
nyd
i=Ni+1 -
N, - 1
= > Yi(d)E|—E{I(D; =d) | D}
i=Ni+1 'n2d
N, [ 1 nyg
= D, Y(dE|—=5
i=N;+1 ’n2d 2
=Y,(d)

The second equality uses the fact that conditional on the draws in the first batch, the number of
treated units in the second batch is fixed and the third equality is based on the design of the second

batch.

Thus, we have

E[zs(d,d")]

()R @+ () e

N
- (%] (T - Fi@)) + (] (Fatan - o)
=Y(d)-Y(d)

Note that this unbiasedness holds regardless of whether or not the treatment effect varies between

the two batches and the proof does not depend on the specific allocation in the second batch.

B.3 Variance

Let 02(d, d’) = V[7,(d, d")] and 02(d.d’) = V[7(d,d’) | D], where
S2(d) SXd) S3(d.d)
+ - :
Nyd Nogr N,

oi(d,d') =
Using the law of total variance, we have
V(zs(d,d")] = [V 75(d,d’)| Dy ]+V [?S(d,d’)|D1])

=Elv(]§; (To(d. d")) |D1) +v(]irl(d d)+E

MR

2
Z—az(d d) +V(&?1(d d))

2 2

N
E[o3(d,d)] + —50i(d,d)

=E

N
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Now, we can turn to the variance estimator. By the usual results on variance estimators in com-

pletely randomized designs and the law of iterated expectations, we have:

1&)2 (Sf(d) . SH(d)

~ , N,\? S /
[7im@.dn) = J+(%]) B[E7E@an o]

N Ni4 Niar
(N1)2 (Slz(d) Slz(d')) (N2)2 S3(d) Szz(d')]
=|— + +|{—=| E + .
N Nig Nig N Nyd Nagdr

Thus, the bias of our estimator is

>0

e / - n (N1 > S¥d,d) N, \?
E [V[Ts(d,d )]] _V[E(d, d)] = (_) e (W) E

S2(d, d")
N o]

Nad + Nog

Thus, we can see that our variance estimator will be conservative in the sense that it has a positive bias
unless there is no variation in the treatment effect across units in which case the variance estimator

is unbiased.
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C Additional Simulation Results

C.1  Gaussian outcome

Here we present additional simulation results with Gaussian outcomes using either the full sample
or only the second batch to estimate effects, respectively.
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Figure SM.3: Simulation results utilizing both batches, Gaussian outcome. Effects are estimated using the strat-
ified estimator. Panels differ horizontally by the size of the first batch and vertically by the total sample size.
The x-axis displays the ratio of the standard deviations of the outcome in the treatment and control conditions,
but note that overall variability of the outcome is constant. Colors indicate allocation scheme. The outcome
is power to detect the treatment effect. Instances where the initial batch size is greater than or equal to total
sample size are omitted. Estimated Neyman weights converge to Oracle Neyman weights at initial batch sizes
around 25-50 suggesting no need to allocate more than 50 units to the initial batch.
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Figure SM.4: Simulation results utilizing the second batch only, Gaussian outcome. Effects are estimated using
the traditional difference in means estimator since there is no longer dependence between units. Panels differ
horizontally by the size of the first batch and vertically by the total sample size. The x-axis displays the ratio of
the standard deviations of the outcome in the treatment and control conditions, but note that overall variability
of the outcome is constant. Colors indicate allocation scheme. The outcome is power to detect the treatment
effect. Instances where the initial batch size is greater than or equal to total sample size are omitted. Estimated
Neyman weights converge to Oracle Neyman weights at initial batch sizes around 25-50 suggesting no need to
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C.2 Binary outcome

Here we present additional simulation results with binary outcomes. First, we display the impact
of additional observations at the grand mean before estimating Neyman weights as described in the
main text. Then, we investigate how power can be improved by the BANA design in the binary case.
Figures SM.7 and SM.8 display the power to detect the specified treatment effect of 0.1 under each of

the designs using either both the first and second batch or the second batch only respectively.
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Figure SM.5: Binary outcome simulation results. N = 1,000, R = 30, 000. Horizontal panels differ by the size
of the first batch and vertical panels differ by the effect size, informed by the meta-analysis below. The x-axis
displays the probability of success in the control condition; note that unlike the Gaussian case, total variability
is not constant. Colors indicate allocation scheme relative to uniform. Minimum allocation to each condition
in the second batch is set to 0.1 and no additional observations were added to each condition in the first batch.
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Figure SM.¢6: Binary outcome simulation results. N = 1,000, R = 30, 000. Horizontal panels differ by the size
of the first batch and vertical panels differ by the effect size, informed by the meta-analysis below. The x-axis
displays the probability of success in the control condition; note that unlike the Gaussian case, total variability
is not constant. Colors indicate allocation scheme relative to uniform. Minimum allocation to each condition
in the second batch is set to 0.1 and ten additional observations were added to each condition in the first batch.
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Figure SM.7: Simulation results utilizing both batches, binary outcome. R = 10,000. Effects are estimated
using the stratified estimator. Panels differ horizontally by the size of the first batch and vertically by the total
sample size. The x-axis displays the probability of success in the control condition, with the probability of
success in treatment determined by a constant treatment effect of 0.1. Colors indicate allocation scheme. The
outcome is power to detect the treatment effect. Instances where the initial batch size is greater than or equal
to total sample size are omitted. Minimum allocation to each condition in the second batch is set to 0.1 and no
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additional observations were added to each condition in the first batch.
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Figure SM.8: Simulation results utilizing the second batch only, binary outcome. R = 10,000. Effects are
estimated using the traditional difference in means estimator since there is no longer dependence between
units. Panels differ horizontally by the size of the first batch and vertically by the total sample size. The x-
axis displays the probability of success in the control condition, with the probability of success in treatment
determined by a constant treatment effect of o.1. Colors indicate allocation scheme. The outcome is power to
detect the treatment effect. Instances where the initial batch size is greater than or equal to total sample size are
omitted. Estimated Neyman weights converge to Oracle Neyman weights at initial batch sizes around 25-50
suggesting no need to allocate more than 50 units to the initial batch. Minimum allocation to each condition
in the second batch is set to 0.1 and no additional observations were added to each condition in the first batch.
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